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ASYMPTOTIC NORMALITY OF THE K-CORE IN 
RANDOM GRAPHS 

BY SVANTE J ANSON AND MALWINA J. LUCZAK 1 

Uppsala University and London School of Economics 

We study the fc-core of a random (multi)graph on n vertices with 
a given degree sequence. In our previous paper [Random Structures 
Algorithms 30 (2007) 50-62] we used properties of empirical distribu- 
tions of independent random variables to give a simple proof of the 
fact that the size of the giant fc-core obeys a law of large numbers 
as n^> oo. Here we develop the method further and show that the 
fluctuations around the deterministic limit converge to a Gaussian 
law above and near the threshold, and to a non-normal law at the 
threshold. Further, we determine precisely the location of the phase 
transition window for the emergence of a giant fc-core. Hence, we 
deduce corresponding results for the fc-core in G(n,p) and G(n,m). 

1. Introduction. Let k > 2 be an integer, fixed throughout the paper. 
The fc-core of a graph G is the largest induced subgraph of G with minimum 
vertex degree at least fc. (It is easy to see that this is well defined, but note 
that the fc-core may be empty. It is customary to say that a fc-core exists if 
it is nonempty.) 

The question whether or not a nonempty fc-core exists in a random graph, 
together with questions concerning the size and structure of the fc-core when 
it does exist, have attracted a great deal of attention over the recent years. 
Starting with the pioneering papers by Bollobas [3] and Luczak [21], many 
authors have studied various types of random graphs and also hypergraphs. 
A milestone was the paper of Pittel, Spencer and Wormald [27], who found 
the threshold for the appearance of a nonempty fc-core in the random graphs 
G(n,p) and G(n,m), as well as the size of the nonempty fc-core. Several 
different proofs of this result have been given since — see our own proof in 
[17] and the references therein. There have also been a number of papers 
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studying the fc-core of a random graph with a specified degree sequence, for 
example, Fernholz and Ramachandran [8, 9], Cooper [6], Molloy [23] (the 
last two references also consider hypergraphs) and Janson and Luczak [17]. 
Further, related models of random graphs have been studied by Kim [20], 
Darling and Norris [7] and Cain and Wormald [5] . [Many of the papers listed 
above deduce results for G(n,p) or G(n,m) from their main result.] 

In our previous paper [17] we showed that a version of the standard core- 
finding algorithm leads to simple proofs of the results on the existence and 
size of the fc-core in random graphs with a prescribed degree sequence (un- 
der certain conditions), and hence, also in the random graphs G(n,p) and 
G(n,m). Our main probabilistic tools are standard results on the conver- 
gence of empirical distributions of independent random variables, applied to 
balls-and-bins processes associated with the algorithm. In the present paper 
we show that a more refined study of these processes leads to Gaussian limit 
laws for the processes, and that these in turn imply a Gaussian limit law for 
the size of the /c-core away from the threshold, as well as a precise descrip- 
tion of the threshold and the size of the threshold /c-core. In particular, we 
show that, for G(n,m), the width of the threshold is of the order \pri edges. 

Given a graph G, let v(G) and e(G) denote the sizes of its vertex and 
edge sets respectively. We assume that v (G) = n and consider asymptotics 
as n^oo. We say that an event holds whp (with high probability), if it 
holds with probability tending to 1 as n — > oo. All unspecified limits in this 
paper are as n— >oo. We use O p and o p in the standard way (see, e.g., 
Janson, Luczak and Rucihski [18]); for example, if (X n ) is a sequence of 
random variables, then X n = O p (l) means ll X n is bounded in probability" 

and X n = o p (l) means that X n — — > 0. 

Let us first introduce some notation and recall the main result of Pittel, 
Spencer and Wormald [27]. 

For /i > 0, let Po(/x) denote a Poisson random variable with mean We 
denote the Poisson probabilities by 




P(Po( At )=i) 



J e-»/j\, 



oo 



(1.2) 



= P(PoGu)>i)=5>i( M ). 



i=j 



Note that, for j > 1, ir'j(fi) 



7Tj_i( / u) — TTj(n) and ?pj(fi) = -Kj-i(fi). Also, let 



c fc := inf /W>*;-iOu). 



For A > Cfc, or A = and k > 3, we use /Ufc(A) > to denote the largest 
solution to [i/i>k-i{^) = A- 
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Pittel, Spencer and Wormald [27] discovered that p = Ck/n is the threshold 
for the appearance of a nonempty k-core in the graph G(n,p); equivalently, 
m = Ckn/2 is the threshold in the graph G(n,m). More precisely, their main 
result is the following. [We write G(n,\ n /n) for the random graph G(n,p) 
with p = A n /n; we continue to write G(n,m), but we will only consider the 
corresponding case m = m(n) = \ n n/2, and we will assume A n — > A < oo.] 

Theorem 1.1 (Pittel, Spencer and Wormald [27]). Consider the random 
graph G(n, X n /n), where A n — > A > 0. Let k > 2 be fixed and let Core^ = 
Corefc(n,A n ) be the k-core of G(n,X n /n): 

(i) If A < Ck and k>3, then Core^ is empty whp. 

(ii) If\>Ck, thenCorek is nonempty whp, and v(Corefc)/n — ^— > V'fc(/ i fc(A)), 
e(Core fc )/n Mfe (A)^_ 1 (/x fe (A))/2 = ^(A) 2 /(2A). 

The same results hold for the random graph G(n,m), for any sequence 
m = m(n) with \ n := 2m /n — ► A. 

Note that part (i) does not hold for k = 2. In fact, C2 = 1, but for any 
A > there is a positive limiting probability that there are cycles and thus 
a nonempty 2-core. Nevertheless, if A < C2, the core is small, v(Corefc) < 
e(Corefc) = O p (l) and, in particular, v(Corefc)/n — — ► 0. 

Pittel, Spencer and Wormald [27] further obtained some refinements of 
this result. In particular, they found that in the case A = Ck, for any 5 < 1/2, 
(i) applies when A n < Ck — n~ s and (ii) applies when A n > c& + n~ s . 

We now state our main theorems. The first shows that above the threshold 
the numbers of vertices and edges in the fc-core have asymptotic normal 
distributions. 

Theorem 1.2. Consider either G(n, A n /n) orG(n,m), where m = \ n n/2, 
and let Core*; be the k-core of this random graph. Assume that k > 2 and 
that A n — > A > Ck- Then, with jl n : = Hui^-n), 

n~ l/2 (v(Core k ) - ip k (fin)n, e(Core fc ) - ±fj, n ip k -i(fin)n) (Z v ,Z e ), 

where Z v and Z e are jointly Gaussian random variables with mean and a 
nonsingular covariance matrix. More precisely, let ft := /U^(A) [so that £i = 
Xtpk—iifJ-)], and define 

(1.3) a v := Wk-i(p)/(rpk-i(fi) ~ A 7r fc-2(A)), 

(1.4) a e := (^fc-i(A) +A 7r fc-2(A))/(^fc-i(/i) - £7T fe _2(/i)), 

(1.5) o'uk := o~ UK (fi/\) + o~* x (£i/X), v,x£{B,H,L}, 
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where cr ux (p) = ow(p; Po(A)) are as in Theorem 3.1 given by (5.37)-(5.47) 
and o-* K (p) =cr* x (p;X) are as in Theorem 8.5 [different for G(n,p) and 
G(n,m)J, then 

(1.6) Var(Z v ) = a B B-2av(7BL + al<TLL, 

(1.7) Var(Z e ) = \(d H H ~ Za e d HL + a 2 e a LL ), 

(1.8) Cov(Z v ,Z e ) = \ ((Tbh - a e aBL - a v dnL + a v a e a LL ). 

At the threshold, we have the following companion result. 

Theorem 1.3. Consider either G(n, X n /n) or G(n,m) , where m = X n n/2, 
and let Core^ be the k-core of this random graph. Assume that k > 3 and 
that X n ^c k . Let p, := fi k (c k ), p := fi/c k = ^fc-i(A); an d 

(1.9) :=(/!- A; + 2)7r fc _ 2 (£)>0. 

Let further a 2 := o LL (p) + a* LL (p) > 0, where o LL (p) = a LL (p;Vo(c k )) is 
given by (5.47) and o~* LL {p) =a LL (p;c k ) is as in Theorem 8.5. Then: 

(i) If n l / 2 (\ n — c k ) — > — oo, then whp Core k is empty. 

(ii) If n 1 / 2 (A n — Cfc) — > 7 S (— oo, oo), then 

F(Coie k ^0)^^>(p 2 1 /a), 
where <3? is the standard normal distribution function, and, with Z ~ N(0, 1), 
(n" 3/4 (t;(Core fc ) - ip k (fi)n, e(Core fc ) - \fiip k -i{fj)n) | Core fc / 0) 
- ((2/P)^ 2 ^aZ + p^f(7T k ^(fj),p) | Z > -phi a). 

(iii) If n l / 2 (\ n — c k ) — > +oo, i/ien w/ip Core^ is nonempty. Moreover, with 

(A„ - c fc ) 1/2 n" 1/2 (t;(Corefc) - ip k (fl n )n, e(Core fc ) - \fi n ^k-\{Pn)n) 
("Kk-tiftZ' ',pZ'), 
where Z' ~ iV(0, a 2 /(2 ) 5j5 2 )). 

In particular, Theorem 1.3 shows that the the width of the threshold for 
existence of a nonempty A;-core is of the order -^/n edges for G(n,m) [and 
thus of the order n" 1 / 2 for G(n,p), as a function of p], which improves the 
result 0{n l / 2+£ ) for every e > given by Pittel, Spencer and Wormald [27]. 
More precisely, we have the following simple corollary. 
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Theorem 1.4. Let k > 3. Start with the empty graph with n isolated 
vertices and add edges at random, one by one, uniformly over all possible 
positions. Let M be the number of edges when the graph first has a nonempty 
k-core. Then, 

n-^(M- C ^^N(0,4), 

where a\ := cr 2 /(4p 4 ) with <r 2 and p as in Theorem 1.3 for G(n,m). 

Our formula for o~\ is rather complicated. Numerical evaluations yield 
a\ « 0.763 and a\ « 0.885. (We have C3 « 3.35 and C4 « 5.15 as found by 
Pittel, Spencer and Wormald [27].) 

Remark 1.5. It follows from the above that the order of the typical 
random fluctuations of the number of vertices or edges in the fc-core is n 1 / 2 
above the threshold (Theorem 1.2), decreases like n x l 2 \\ n — Cfc| -1 / 2 as A n 
approaches the threshold Ck [Theorem 1.3(iii)], and becomes n 3 / 4 right at the 
threshold [Theorem 1.3(h)]. Asymptotic normality holds above and near the 
threshold, but not at the threshold itself. The numbers of vertices and edges 
in the fc-core (when nonempty) are asymptotically linearly dependent close 
to the threshold (Theorem 3.5), but not away from the threshold (Theorem 
3.4). 

The main idea in the proofs is to use the version of the core-finding pro- 
cess employed in [17] together with a martingale limit theorem by Jacod and 
Shiryaev [11]; we are then able to show that certain stochastic processes de- 
scribing the progress of the core-finding algorithm are asymptotically Gaus- 
sian. Once this is done, we read off size of the fc-core from these processes; 
this is rather straightforward although the details are time-consuming. 

Remark 1.6. Our method works for a fixed random graph, and is not 
directly applicable to studying the evolution of the fe-core in the random 
graph process obtained by adding edges one by one at random. We can, 
however, say a little more. Consider G(n,m) for two values of m, of the type 
Cfen/2 + 7^n 1 / 2 /2 and + i y"n 1 / 2 /2 for two convergent sequences -y' n and 

7^ with j' n < 7". We suppose that the random graphs are coupled so that 
the second random graph is obtained by adding edges at random to the first. 
Then Theorem 1.3(H) holds for each of the two random graphs separately, 
but it follows from the proof below, by coupling the processes of balls and 
bins used there in a straightforward way, that indeed Theorem 1.3(H) holds 
jointly for both random graphs with the same Z. 

The same applies to any finite number of stages in the evolution. In 
particular, we may consider nij(n) = [(c^n + 7 J -n 1 / 2 )/2j with 7,- = j/N for 
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j = -N 2 , . . . , N 2 , for a fixed N at first (and letting n— >oo). With proba- 
bility 1 - e(N) + o(l), where e(N) = F(\Z\ > Np 2 /a), the /c-core will first 
appear somewhere inside this grid, say when ?rt, _i <m< rrij - More pre- 
cisely, we may as in the proof below assume that the limit in Theorem 
1.3(h) holds a.s., and then this holds a.s. if jo is the smallest integer such 
that aZ + p 2 jj > 0. In this case, aZ + p 7j <p 2 /N, and it follows that 
the number of vertices in the fc-core of G(n,rrij ) is ipj~(fi)n + (^(n 3 / 4 ^" 1 / 2 ). 
Hence, with probability 1 — s(N) + o(l), the number of vertices in the first 
nonempty fc-core is ^fc(A) n + 0(^ 3 ^ 4 A r_1 / 2 ). 

Letting N — > 00, we find that e(iV) — > (so that the probability that the 
fc-core first appears within the grid approaches 1), and that the number 
of vertices in the first nonempty fc-core is Vfc(A) n + °p( n3 ^ 4 )- Hence, the 
random fluctuation is smaller than what we see in Theorem 1.3(ii) for a 
fixed m. (We cannot say how much smaller.) In other words, the order n 3 / 4 
fluctuations must come from the fluctuations in the time the k-coie appears. 
We also see that the fc-core grows rapidly in the beginning due to the term 
\] oZ + j5 2 7 = — 70 , where 70 := —aZ/p 2 shows the random time the 
A;-core first appears. 

It is possible that our methods can be developed further to give more 
precise results for the random graph process. In particular, it would be 
interesting to find the magnitude of the variations in the size of the first 
nonempty k-cove. Are they of the order n 1 / 2 ? 

It would also be interesting to understand the rapid growth of the fc-core 
in the beginning. Presumably, this happens because there are many rather 
big subgraphs that have very few vertices with degree less than k, and these 
are quickly joined to and absorbed by the k-coie. It would be interesting to 
understand the structure of these subgraphs. 

Remark 1.7. It is well known that C2 = 1 and that when A > C2 = 1, 
there exists whp a unique giant component in the random graph. The 2-core 
contains some cycles outside the giant component, but these are too few to 
influence the asymptotics of its size; thus, from the point of view of this 
paper, it does not matter whether we study the 2-core of the graph or just 
the 2-core of the giant component. It was shown by Pittel [26] that, for both 
G(n,p) and G(n, m), u(Core2)/n -^-> (1 — T)(l — T/A), where T < 1 satisfies 
Te~ T = Ae~ A . He also conjectured asymptotic normality of u(Core2), with 
an asymptotic variance of the order n, which we prove in the present paper. 

Remark 1.8. We can also obtain similar results on the number of ver- 
tices of given degree in the core, as has been done by a different method by 
Cain and Wormald [5]. Indeed, already the simple version of our argument 
in [17] shows easily that in the case treated in Theorem 1.2 here, if j > k and 
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Uf.j is the number of vertices of degree j in Core^ , then n^j / n — — > ttj (fi) , as 
found by Cain and Wormald [5]. Moreover, it follows from the arguments 
in this paper that n _1 / 2 (rifcj — iTj(p, n )n) has a normal limit, jointly for all 
j > k. There is also a similar result in the situation of Theorem 1.3. We omit 
the details. 

Remark 1.9. In this paper we treat G(n,p) and G(n,m) together, since 
all arguments work for both random graphs with no or very minor changes. 
It is also possible to do the proofs for one version only and then derive 
the results for the other. To go from results for G(n,m) to G(n,p), we 
simply condition on the number of edges as in [26] ; note that the asymptotic 
variance will be larger for G(n,p) than for G(n,m) since the mean will shift 
with the number of edges. It is also possible to go in the opposite direction 
since the fc-core grows monotonously with the number of edges; see [15]. 

2. Preliminaries. It will be convenient to work with multigraphs, that is, 
to allow multiple edges and loops. In particular, we shall use the following 
type of random multigraph. 

Let n S N and let (di) n be a sequence of nonnegative integers such that 
Ya=i d-i is even. We define a random multigraph with given degree sequence 
(di)™, denoted by G*(n,(di) n ), by the configuration model (see, e.g., [4]): 
take a set of di half-edges for each vertex % (with these sets disjoint), and 
join the half-edges into edges by a partition of the set of all half-edges into 
pairs; such a partition of the half-edges is known as a configuration, and 
we choose the configuration at random, uniformly over all possible config- 
urations. Note that conditioned on the multigraph being a simple graph, 
we obtain a uniformly distributed random graph with the given degree se- 
quence, which we denote by G(n, (di)™ ). 

Let u r denote the number of vertices of degree r. We further write 2m := 
J27=idi = J2 r ru ri so that m is the number of edges in the multigraph 
G*(n,(di)?). 

We will let n — > oo, and assume that we for each n are given (dj) n = (d^)™ 
satisfying the following regularity conditions; cf. Molloy and Reed [24]. [Our 
condition (ii) can probably be relaxed, but it will be convenient to work 
with. Note that it implies maxj di = o(logn).] 

Condition 2.1. For each n, (di)™ = (d\ n ^) n is a sequence of nonnega- 
tive integers such that J2i"=i di is even and, for some probability distribution 
(Pr)^=o independent of n, with u r = u r (n) as defined above: 

(i) u r /n := jf{i : di = r}/n^> p r for every r > as oo; 

(ii) for every A>1, we have J2r u rA r = J2i=iA di = 0(n). 
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We further assume po < 1 . 

Let D n be a random variable with the distribution ¥(D n = r) = u r /n = 
u r (n)/n; this is the distribution of the vertex degree of a random vertex 
in G*(n,(di)i). Further, let D be a random variable with the distribution 
P(D = r) = p r , and let A := ED = J2 r Tr- Then Condition 2.1 can be rewrit- 
ten as 

(2.1) D n — D as n — > oo, 

(2.2) EA Dn = 0(1) for each A>1, 

and A > 0. Note that (2.2) implies uniform integrability of D n , so 

(2.3) ^l = ^l^l =EDn ^ ED = X = y r p r ; 

n n 4 

r 

in particular, A < oo. Similarly, all higher moments converge. (It follows that 
our assumption Condition 2.1 is stronger than the corresponding assump- 
tions in Molloy and Reed [24, 25] and Janson and Luczak [17].) 

Remark 2.2. The excluded case po = 1 (where thus A = 0) is rather 
degenerate; some of the results below hold trivially, but others may fail. In 
this case, most vertices are isolated. By removing all such vertices, we obtain 
a smaller random graph of the same type, and our results can be applied 
under suitable conditions. 

We use the notation 1[£] for the indicator of an event £ ; this is thus 1 
if £ holds and otherwise. We also write E(X;£) for E(X ■ 1 [<?]). We use 
(X | £) to denote a random variable X conditioned on an event £; thus, 
E(X\£)=E(X ;£)/¥(£). 

We shall consider random thinnings of the vertex degrees. In general, if 
X is a nonnegative integer valued random variable and < p < 1, we let X p 
be the thinning of X obtained by taking X points and then randomly and 
independently keeping each of them with probability p. For integers I > 
and < r < I, let f3i r denote the binomial probabilities 

:= P(Bi(Z,p) =r)= (^ r (l - P) l ~ r - 

Then we have 

oo 

F{X p = r) = J2nX = l)Plr(p)- 

l=r 
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We further define the functions, for < p < 1, j = 0, 1, . . . , and a given k>2, 

oo oo 

(2.4) q jX (p) := ¥(X p > j) = EE P ( X = 0Ar(p), 

oo oo 

(2.5) 6 x (p) := gfcx(p) = EE P (* = 0Ar(p). 

r=fc l=r 

oo oo 

(2.6) /yr(p) := E(X p ; X p > fc) = £ £ r P(X = i)Ar(p), 
and, provided EJ< oo, 

(2.7) Z x (;p):=(EA> 2 -Mp)- 

These functions for X = D n and X = D will play an important role in the 
sequel, and we use the abbreviated notation qj n = qjD n , Qj = QjD, b n = bD n , 
b = bjo, etc. They are thus given by (2.4)-(2.7) with F(X = I) replaced by 
ui/n and pi, and EX replaced by 2m/n and A, respectively. 

Lemma 2.3. As n — > oo, b n (p) — > b(p), h n (p) — ► /i(p) and l n (p) ~~ ^ l(p)> 
together with all derivatives, uniformly on [0, 1] . 



Proof. Consider, for example, 

oo I 



h n(p) = E E rPM- = E /(A»;p), 

l=k r=k 



where /(Z;p) := EU*(p). Then /(£>„; p) /(£>;p) by (2.1). Moreover, 
< f(l',p) < I, so f(D n ;p) < D n is uniformly integrable by (2.2). Hence, 

h n (p) =Ef(D n ;p) -> E/(D;p) = h(p) 

for each p. 

Next, an elementary calculation yields 



(2.8 



-T-Ar(p) = lpl-\, r -l{p) ~ ZA-l,r(p)- 

dp 



Thus, for every j > 0, using a simple induction and the fact that < (3i r {p) < 

I dpi ' 



1, we obtain \&Pi r (p)\ < W- It follows that |^/(Z,p)| < W Er=^ < 



(2Z) i+2 . Hence, 



dP_ 

dpi 



r f(Dn,p) 



<(2D n 
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which by (2.2) is uniformly integrable, and thus, 

Moreover, these derivatives are all uniformly bounded, and uniform con- 
vergence for p 6 [0, 1] follows easily (e.g., using the Arzela-Ascoli theorem). 
This proves the result for h. The result for I follows, and the result for b is 
proved the same way. □ 

We note also that by (2.8) (or a combinatorial argument), 

oo 

(2-9) q'^^PlWl-lj-lip)- 

1=3 

It follows that q'j{p) > for all p € (0, 1) unless qj vanishes identically; hence, 
b'(p) > and h'(p) > for < p < 1 unless h(p) = for all p. 

Finally, let us consider the Poisson case, which is central for us, and 
establish connections with the functions defined in (1.2). 

Lemma 2.4. If X ~ Po(A), then 

(2.10) q jX (p) = F(X P > j) = ^(Xp), 

(2.11) b x (p)=q kX (p)=M^P), 

OO OO / \ \ j 

(2.12) hxip) = J2mx P = j) = £ 7-^T7^ = AW fc -i(Ap) 

j=k j=k ' 

and 

(2.13) l x {p) = Xp 2 - h x (p) = MP ~ ^fc-i(Ap)). 



Proof. The thinning X p ~Po(Ap); thus, (2.4)-(2.7) yield the result. 

□ 



3. Finding the core. The fe-core of an arbitrary finite graph or multi- 
graph can be found by removing edges where one endpoint has degree < k, 
until no such edges remain, and finally removing all isolated vertices. The 
order of removal does not matter, and we choose the edges to be deleted at 
random as follows. 

Regard each edge as consisting of two half- edges, each half-edge having 
one endpoint. Say that a vertex is light if its degree is < k, and heavy if 
its degree is > k. Similarly, say that a half-edge is light or heavy when its 
endpoint is. As long as there are some light half-edges, choose one such half- 
edge uniformly at random and remove the edge it belongs to. (Note that 
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this may change the other endpoint from heavy to light, and thus create 
new light half-edges.) When there are no light half-edges left, we stop. Then 
all light vertices are isolated; the heavy vertices and the remaining edges 
form the fc-core of the original graph. 

We apply this algorithm to a random multigraph G*(n, (di)™) with given 
degree sequence (c£j)i. We use the configuration model as described in Sec- 
tion 2, and combine the core- finding algorithm with the generation of the 
random configuration by revealing the pairs in the configuration, and thus 
the edges in G*(n, (ck)i), only when the edges are removed by the algorithm. 
(The remaining pairs are revealed when the algorithm stops.) It is easily seen 
(see [17] for details) that if we observe only the vertex degrees in the result- 
ing multigraph process, they can be described by the following process of 
colored (white or red) balls (representing half-edges) in n bins (representing 
vertices), if we consider the white balls only. (The careful reader will notice 
that the version here differs slightly from [17], but it is obviously equivalent.) 

Begin with d{ balls in bin i, i = 1, . . . , n; there are thus 2m balls in total. 
Initially, all balls are white. Say that a bin is light (at a given time) if it 
contains < k white balls, and heavy if it contains > k. Similarly, say that a 
ball is light or heavy when the bin it belongs to is. 

We start by coloring a random light ball red. The process then runs in 
continuous time such that each ball has an exponentially distributed random 
lifetime with mean 1, independent of the other balls. This means that balls 
die and are removed at rate 1, independently of one another. Further, when 
a white ball dies, a randomly chosen light white ball is colored red, provided 
that there is some such ball; we stop when a white ball dies and there is 
no light white ball left. (The interpretation in terms of the graph is that a 
white ball that is colored red and the next white ball that dies represent two 
half-edges that are joined to form an edge, and this edge is deleted by the 
core-finding process.) 

We let L(t), H(t) and B(t) denote the numbers of light white balls, heavy 
balls (which always are white) and heavy bins at time t, respectively, and 
let t be the time the process stops. (B is denoted H\ in [17].) There are no 
white light balls left at r, which would give L{t) = 0, but the last deletion 
and recoloring step is incomplete, so we rather define L{t) := — 1, pretending 
that we did recolor a (nonexisting) ball at r too. Moreover, the heavy balls 
left at r are exactly the half-edges in the fc-core. Hence, the number of edges 
in the A;-core is ^H(t), while the number of vertices is B(j). 

We now consider a sequence G*(n, (di)i), n > 1, with (dj)y = (4™ } )i sat- 
isfying Condition 2.1; we use the notation L n (t), H n (t), B n (t) and r n . We 
will change variables and define, for t > 0, 



(3.1) 
(3.2) 



b n (t) :=6 n (e-*), 
h n (t) :=/i n (e _t ), 
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(3.3) l n {t) := l n {e~ l ) = — e~ 2t - h n (t) 

n 

and similarly for b(t), h(t), l(t); note that b n — > 6, h n — > h, and l n — > I on 
[0, oo), again uniformly and with all derivatives. 

We will show that the processes B n (t), H n (t) and L n (t), suitably normal- 
ized, converge jointly to certain Gaussian processes. We have defined the 
processes on [0,r n ] only. It is possible, and sometimes useful, to extend the 
processes to all i > by changing the rules after r„, but we find it simpler 
to state the result for the stopped processes, even though this makes the 
next theorem a bit technical. (See also Remark 5.1.) Recall that, if r is a 
stopping time and X(t) is a stochastic process, then the process stopped at 
r is the process 

(3.4) X T (t):=X{tAT), 0<t<oo. 

[We use the notation x A y := min(x, y).] Note that X only has to be defined 
on [0,r]. 

For reasons that will become clear in Section 7, we consider also a modi- 
fication of our processes where we condition the configuration on containing 
a given (small) set of pairs of half-edges, which means that the multigraph 
G*(n, (<£j)i) contains a given set of edges; we say that these half-edges and 
edges are golden. We run the core-finding process as above, with the modi- 
fication that we never remove a golden edge. (The final result thus contains 
all golden edges, so it may be larger than the fe-core.) Translated into our 
balls-and-bins process, this means that we now also have some golden balls 
from the beginning; golden balls are always heavy, do not die and are never 
recolored. A white ball in the same bin as a golden one is, as before, light if 
the total number of balls in the urn is < k, and heavy otherwise, but we say 
that any bin containing a golden ball is heavy. 

We let D[0, oo) be the standard space of right-continuous functions with 
left limits on [0, oo) equipped with the Skorohod topology; see, for example, 
[11] or [19], Appendix A. 2. In particular, if / is continuous, then f n — ► f in 
D[0, oo) if and only if f n — ► / uniformly on every compact subinterval. 

Theorem 3.1. Assume Condition 2.1 and use the notation above. Let 
T n — T n be a stopping time such that T' n — to for some to>0. Then, jointly 
in D[0, oo), 

(3.5) n-^iBnitAr^-nbnitAT^)) -^Z B (tAt ), 

(3.6) n- l ' 2 (H n {t A r' n ) - nh n (t A r' n )) Z H (t A to), 

(3.7) n-V\L n (t A <) - nl n (t A <)) Z L (t A t ), 
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where Zb, Zh and Zl are continuous Gaussian processes on [0, to] with 
mean and covariances that satisfy, for < t < to and u, x £ {B, H, L}, 

(3.8) Cav(Z„(i), Z H (t)) = o-vvie-*), 

where cr ux (x) = a ux (x; (p r )o°) are given by (5.37)-(5.47). 

If further to > and ¥(D > k) > 0, t/ien t/ie covariance matrix of (Ze(t), 
Zfj(t), Z^ft)) is nonsingular for any fixed t with < t < to- 

TTie same results hold if, for each n, we select a set of 0(1) pairs of golden 
half-edges. 

The proof of Theorem 3.1 is given in Section 5. 

In order to specify the distribution of the Gaussian processes Zb , Zjj and 
Zl completely, we also need their covariances for a pair of distinct times. 
These too can be determined from the proof but, for simplicity (and since 
we do not need them for our further results), we give explicit formulas only 
in the single time case. 

Remark 3.2. In many cases, for example, Theorem 3.4 below, r n — to 
for some to, and we may, and should, take r' n := r n . The reason for introduc- 
ing r' n is that there are some interesting cases, in particular, in Theorem 3.5 
below, where r n does not converge in probability to a constant; we then stop 
at a possibly earlier time r' n in order to obtain simple results (and proofs). 
Note that it was shown in [17] (without golden balls) that we have 

(3.9) sup \L n (t)/n - l(t)\ 0; 

t<T„ 

this is less precise but valid up to r n . It is easily seen that (3.9) holds also 
if we allow O(l) golden balls. [This is true since, for instance, (3.9) follows 
easily from (5.4), (5.12) and (5.15) in the proof below.] 

Remark 3.3. The extra condition F(D > k) > is equivalent to pj > 
for some j > k + 1. If this fails, then we have the following three exceptional 
cases, which also follow from the proof in Section 5 (we omit the details): 

(i) If F(D >k)=0 but F(D = k) > (pj = for j > k + 1 but p k > 0), 
then Zh = kZs and (Zsit), ZL(t)) has a nonsingular Gaussian distribution 
for < t < to, except when k = 2 and also p\ = (-DE {0, 2} a.s.). 

(ii) If k = 2 and D G {0, 2} a.s. (pj = for j / 0, 2), then Z H = 2Z B and 
Zl = 0; further, Z^it) has a nonsingular Gaussian distribution for < t < to- 

(iii) If ¥(D > k) = (pj = for j > k), then Z B = Z H = 0, while Z L (t) 
has a nonsingular Gaussian distribution for < t < to • 
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From Theorem 3.1 we deduce the following two results for G(n,(e?j)"), 
which are analogues of Theorems 1.2 and 1.3 for G(n,p) and G(n,m). Again, 
these two results show the joint asymptotic normality of the number of 
vertices and edges in the fc-core above the threshold, as well as a more 
complicated limit law at the threshold. The proofs are given in Sections 6 
and 7. 

Theorem 3.4. Let k>2. Assume Condition 2.1 and use the notation 
above. Let Coie k be the k-core ofG*(n, (di)i)- Letp be the largest p < 1 such 
that l(p) = 0, and suppose that <p < 1. Suppose further that V(jp) > 0. Let 
a := l'(p) = 2Xp — h'(p) > 0, let t = — Inp and let Zl, Zh and Zb be as in 
Theorem 3.1. Then 

n~ 1/2 (v(Core k ) - b n (p n )n, e(Core k ) - \h n {p n )n) 

(3.10) 

-±> (Z B (t) - a- l b'(p)Z L (t), \Z H {t) - \a- l ti{p)Z L {t)), 

where p n is the largest p < 1 such that l n (p) = 0; further, p n —>p. The limit 
distribution is a Gaussian random vector with a nonsingular covariance ma- 
trix. 

The same result holds for G(n, (di)"). 

The covariance matrix is easily calculated explicitly, but the formulas are 
complicated and we refer the reader to (3.8) and (5.37)-(5.47). 

Theorem 3.5. Let k>3. Assume Condition 2.1 and use the notation 
above. Let Corefc be the k-core ofG*(n, (di)™). Suppose that mino< p <i l{p) = 
0. Suppose further that there exists a unique p G (0,1] with l{p) = 0, that 
p < 1, and that (3 := l"(p) > 0. Then, for every 6q > with 5o < p, at least 
for n sufficiently large, l n has a unique minimum point p n in [Sq,1], and 
p n — > p and Inipn) — > as n — > oo. Let further a := (Tll(p) 1 / 2 > 0, given by 
(5.47): 

(i) Lf ' n 1/,2 Z n (p n ) — ► +oo, then whp Core/c is empty. 

(ii) If n l / 2 l n {p n ) — > C G (— co, oo), then 

(3.11) P(Core fc /0)^3>(-CAr), 

where $ is the standard normal distribution function, and, with Z ~ N(0, 1), 
(n" 3/4 (?;(Core fc ) - b n (p n )n, e(Core fe ) - \h n (p n )n)\Coie k / 0) 
- ((2//3) 1 / 2 V^^C(6'(p), \ti(p)) | Z > CM- 
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(iii) If n l l 2 l n (p n ) — > —oo, then whp Core/- is nonempty. Moreover, there 
is, at least for large n, a unique p n with l n {p n ) = and p n < p n < 1, and 

\l n (Pn)\ 1/2 n~ 1/2 (v(Core k ) - b n (p n )n, e(Core fc ) - \h n (p n )n) 

(3.12) 

-^(b>(p)Z>,lh'(p)Z>), 
where Z' ~ JV(0, cx 2 /(2/3)). 

The same results hold for G(n, (dj)™). 

If further l' n (p) 2 = o{l n {p)), then in the above results l n (p n ) may be re- 
placed by l n (p). Moreover, if l' n (p) = o(n~ 1 / 4 ), then b n (p n ) and h n (p n ) may 
be replaced by b n (p) and h n (p) in (ii). 

4. Some martingale theory. Our proof is based on martingale theory, in 
particular, a martingale limit theorem by Jacod and Shiryaev [11]. We will 
use the quadratic variation [X, X]t of a martingale X defined on [0, oo) , and 
its bilinear extension [X,Y]t to two martingales X and Y. For a general 
definition see, for example, [11]; for us it will suffice to know that, if X and 
Y are martingales of pathwise finite variation, then 

(4.1) [X,Y] t = AX(8)AY(s), 

0<s<t 

where AX(s) := X(s) — X(s— ) is the jump of X at s and, similarly, AY(s) := 
Y(s) — Y(s-). The sum in (4.1) is formally uncountable, but in reality count- 
able since there is only a countable number of jumps; in the applications 
below, the sum will be finite. Note that [X — X ,Y — Y ] = [X,Y]. (There 
is some disagreement in the literature concerning the definition of [X, Y] 
in the case where X(0)Y(0) ^ 0; we have chosen the version in [11], with 
[X,Y} = 0.) 

For vector-valued martingales X = [Xi)^ =1 and Y = (Yj)^ =l , we define 
the square bracket [X,Y] to be the m x n matrix ([Xj, Yj])ij. 

A real-valued martingale X(s) on [0,t] is an L 2 -martingale if and only if 
E[X,X] t < oo and E|X(0)| 2 < oo, and then 

(4.2) K\X(t)\ 2 = K[X,X] t + E\X(0)\ 2 . 

We will use the following general result based on [11]; see [14], Proposi- 
tion 9.1, for a detailed proof. (See also [12] and [13] for similar versions.) 

Proposition 4.1. A ssume that for each n, M n (t) — (-^m(^))f = i is o 
q-dimensional martingale on [0, oo) with M n (0) = 0, and that t>0, is 
a (nonrandom) continuous matrix-valued function such that, for every fixed 
t>0, 

(4.3) [M n ,M n ] t -^E(t) asn^oo, 

(4.4) supE[M ni ,M ni ] t < oo, i = l,...,q. 
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Then M n — ► M asn—> oo, in D[0, oo), where M is a continuous q- dimensional 
Gaussian martingale with EM(t) = and covariances 

EM(t)M'(u) = E(t), 0<t<u<oo. 

Remark 4.2. By (4.2), (4.4) is equivalent to sup n E |M n (t)| 2 < oo, the 
form used in, for example, [14]. 

The proposition thus yields joint convergence of the processes M n i, 1 < i < 
q. This extends immediately to infinitely many processes (formally the case 
q = oo) by considering finite subsets, since, by definition, an infinite family 
of random variables (or processes) converge jointly if every finite subfamily 
does. 

We will apply Proposition 4.1 to stopped processes. We say that a stochas- 
tic process X is a martingale on [0, r], where r is a stopping time, if the 
stopped process X T defined in (3.4) is a martingale on [0, oo). 

Throughout our proofs we shall use M or M' to denote an unspecified 
martingale. 

5. Proof of Theorem 3.1. We assume for simplicity that there are no 
golden balls, and leave to the reader the very minor modifications in the 
case with O(l) golden balls. (When defining U rn and V rn below, we count 
only those bins that do not contain any golden balls.) 

Consider first W n (t) := L n (t) + H n (t), the number of white balls. By con- 
struction, W n (0) = 2m — 1. Moreover, W n (t) decreases by 2 each time a 
white ball dies. Since each ball dies with rate 1, it follows that on [0,r n ], 
writing in differential form, 

(5.1) dW n (t) = -2W n (t)dt+ dM(t). 

In other words, W n (t) + Jq 2W n (s) ds is a martingale on [0, r n ] . In this section 
we will for simplicity usually omit the qualification "on [0,r n ]," but it is 
tacitly assumed that we consider t < r n only, unless stated otherwise. 

Remark 5.1. It is possible to continue the process W n after r n , so that 
(5.1) still holds, by merging all the bins into one and using the straightfor- 
ward rule that balls die with rate 1 and that, whenever a ball dies, a second 
ball is removed. This works until there is only one ball left; we may also 
change W n by ±1 as in [17] and have W n (t) defined for all t > 0, still with 
(5.1). Similarly, we may extend the U rn and all the other processes derived 
from it below to all t > 0; the extended processes are defined by ignoring 
the colors of remaining balls, so that we simply have bins with balls that 
die independently of one another at rate 1. However, we have been unable 
to find a good way to extend both W n and the other processes together. We 
therefore usually consider the processes up to r n only. 
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By (5.1) and Ito's lemma, 

d(e 2t W n (t)) = e 2t dW n {t) + 2e 2t W n (t) dt = e 2t dM(t), 

another martingale differential, that is, W n (t) := e 2t W n (t) is a martingale. 
(Note that, for each n, W n (t) is bounded by 2m(n). Thus, W n (t) is bounded 
on every finite interval. Hence, W n (t Ar n ) is a square integrable martingale 
on every interval [0, T], and not just a local martingale. The same applies 
to the other martingales in this section.) 

Since distinct balls a.s. die at distinct times, all jumps in W n (t) equal 
—2, and the quadratic variation of W n is given by, and, using integration by 
parts, the quadratic variation 

[W n ,W n ] t = J2 \&W n (s)\ 2 = £ \e 2s AW n (s)\ 2 = f 2e As d{-W n (s)) 

0<s<t 0<s<t ^° 

(5.2) " t 

= -2e At W n {t) + 2W n {Q) + / 8e 4s W n (s) ds. 

Jo 

In particular, 

(5.3) [W n ,W n ]t < 2e u I d(-W n {s)) < 2e 4t W n {0) < 4me 4 '. 

Jo 

Let W*(t) := n~ 1 W n (t A r n ). Then W* is a martingale on [0, oo) and, for 
every T < oo , 

[W*, W*) T = n- 2 [W n ,W n ] T Ar n < ±e iT m/n 2 

as n —> oo, by (2.3). Moreover, < W*(t) < 2m/n = 0(1). We can thus apply 
Proposition 4.1 to W*(t) - W*(0), with q = 1 and = 0. In this case, the 
limit M satisfies Var(M(i)) = S(i) = 0, and thus, M(t) = a.s., for every t. 
Consequently, we have shown W*(t) — W*(0) in D[0, oo), and thus, 
W*(t) - W*(0) uniformly on [0,T] for every T < oo. Equivalently, 

(5.4) n' 1 sup \W n {t) -W n (0)e- 2t \ 0. 

(This was shown in [17], (5.1) by other methods. Actually, [17], (5.1) is 
equivalent to (5.4) above with T = oo, which is an easy consequence of (5.4) 
for finite T because W n (t) is decreasing and e~ 2t ^0 as t — ► oo.) 

Returning to (5.2), we obtain by (5.4), for every t € [0,T Ar n ] with T 
fixed, 

[W n , W n ] t = -2e u W n {0)e- 2t + 2W n (0) + / 8e 4s W n (0) e - 2s ds + o p (n) 

Jo 

= W n (0)(-2e 2t + 2 + 4e 2i - 4) + o p (n) 

= 2VF n (0)(e 2i - 1) + op(n) = 2(2m - l)(e 2 * - 1) + o p (n) 

= 2A?i(e 2i - l) + Op(n). 
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Defining 

W n (t) := n-^iWnit) - W n (0)) = n~ 1 ' 2 (e 2t W n (t) - W n (0)), 
we have 

(5.5) [W n ,W n ] t = n- 1 [W n ,W n }t = 2X(e 2t -l)+o p (l), t<r n . 

Let us now stop the processes at r' n <T n . By (5.5) and the assumption r' n — > 
to, the quadratic variation of the stopped process converges in probability 
to 2A(e 2 (* At °) - 1), for any fixed t £ [0,oo). Moreover, by (5.3), 

[W n , W n ] tA< = n-^Wn, W n ] tA< < 4me 4 7n, 

which is bounded for every fixed t. Consequently, Proposition 4.1 applies to 
the stopped process and shows that 

(5.6) W n (t A t^) — > Z(t A to) inD[0,oo), 

where Z is a continuous Gaussian martingale with KZ(t) = and covari- 
ances 

(5.7) E(Z(t)Z(u)) = 2X(e 2t - 1), 0<t<u<oo. 

[We can, if we want to, assume that Z is defined, with this covariance func- 
tion, for all t > 0; Z is just a time-change of a standard Brownian motion 
B: Z(t) = B(2\(e 2t - 1)).] We define further 

(5.8) W n {t) := n- x /\W n (t) - W n (0) e - 2t ) = e~ 2t W n (t), 

(5.9) Z w (t) :=e- 2t Z(t), 

and note that Z\y is a continuous Gaussian process with Zyy(t) ~ N(0, 2A(e _v 
e )). Then (5.6) implies 

(5.10) W n {tAT^)-^Z w (tAt ) in,D[0,oo). 

Next let us ignore the colors. For r = 0, 1, let U rn (t) be the num- 
ber of bins with exactly r balls at time t, and let V rn (t) := J2 s >r^sn(t) be 
the number of bins with at least r balls. Thus, Vo n (t) = J2 r U r n(t) = n and 
U rn (0) = u r (n). Note that 

(5.11) B n (t) = V kn (t), 

oo oo 

(5.12) H n (t) = J2 rU rn (t) = kV kn (t) + V m{t). 

r=k k+1 

Since V rn changes (by —1) precisely when a ball dies in a bin with r balls, 
and there are rU rn such balls, 

dV rn (t) = -rU rn (t) dt + dM'. 
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Define further V rn (t) := e rt V rn (t). Then 

dV rn {t) = re rt V rn (t) dt + e rt dV rn (t) 

= re rt V rn {t) dt - re rt U rn {t) dt + e rt dM' 

= re rt V r+ i tn (t) dt+ dM= re"*F r+ i iri (t) dt + dM, 

where dM = e rt dM' is another martingale differential. It follows that 

(5.13) M rn {t) := V rn (t) - r f e - s V r+1 , n (s) ds 

Jo 

is a martingale for every r > 0. The quadratic variation is 
[M rn ,M rn ] t = £ |AM rn (s)| 2 = \&Vm(s)\ 2 

0<s<t 0<s<t 

(5.14) 

e 2rs \AV rn (s)\ 2 = f e 2rs d(-V rn (s)). 
Jo 



0<s<t 

Define 

M rn (t) := n- l ' 2 {M rn {t) - M rn (0)); 
this is a martingale with M rn (0) = 0. Note that 

M rn (0) = F rn (0) = V rn (0) =Y,ui{n). 

l>r 

It follows from [17], Lemma 4.4, that, for every r > 0, as n — > oo, 
(5.15) saplVrnM/n-qrie-*)] 0, 

where <jy(?>) := > ?")> see Section 2. [This could also be proved similarly 
to (5.4) above, using (5.23) below.] Using integration by parts twice, we 
obtain from (5.14) that, if < T < oo is fixed, then, for t < T A r n , 

[M rn ,M rn ] t = n- 1 [M rn ,M rn ] t 

= n- 1 (V r „(0) - e 2rt V rn (t) + f V rn (s)2re 2rs ds] 

(5T6) V t k } 

= q r (l)-e 2rt q r (e- t )+ f q r (e~ s )2re 2rs ds + o p (l) 

JO 

= /'*e 2 "d(-g r (e-)) + 0p (l)= T p- 2r ^ r (p) + o p (l). 

JO Je-* 

Moreover, (5.14) further implies 

(5.17) [M rn ,M rn ] t = rr x [M rn ,M rn ] t < n' 1 e 2rt V rn (0) < e 2rt . 
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Consequently, again by Proposition 4.1 applied to the processes stopped at 
T ' 

(5.18) M rn (t hT' n ) -^Y r (tAt ) inL>[0,oo), 

where Y r is a continuous Gaussian martingale with ~EY r (t) = and covari- 
ances 

(5.19) E(Y r (t)Y r (u)) := p~ 2r dq r (p), 0<t<u. 

Je-t 

Furthermore, since V rn and V sn , with s 7^ r, a.s. never change simultaneously, 
[M rn , M sn ] = 0. Hence, by Proposition 4.1 applied to the vector- valued mar- 
tingale (M rn )^ =0 , for fixed but arbitrary R>1, (5.18) holds jointly for all 
r > 0, with a diagonal covariance matrix for (l^)f 3 , which implies that the 
processes Y r (r = 0, 1, . . .) are all independent. 

To deduce results for V rn , we have to invert (5.13). We have, using (5.13) 
repeatedly, 

V rn {t) = M rn {t) + r [ e- s V r+hn {s) ds 
Jo 

= M rn {t)+ I re- s M r+1 . n (s)ds 

Js<t 

+ / re-^{r + l)e- s W r+2 , n {s 2 )ds 2 ds l , 

J S2<S\<t 

and so on, and it is easily verified by backward induction that 
V rn {t) = M rn {t) 

(5.20) 

+ E M J ~ / (e-'-e-y-r-le-'Mj, n (s)ds. 

j= r+ i \ r y Jo 

Note that the sum actually is finite for every n, since V rn (t) = and M rn (t) = 
when r > n. 
Define, for t > 0, 

v rn {t) :=M rn (0) 

/ • 1 \ ft 

+ E M J 7 / (e^-e-y-^e^M^ds. 

j= r+ i \ r y Jo 

We claim that v r n(t) = ne rt q rn (e~ t ). To see this, it is convenient to tem- 
porarily assume that V rn (t) and M rn {t) are defined for all t > 0; see Remark 
5.1. Since then M rn is a martingale on [0, 00), we have EM rtl (t) = M rn (0), 
and thus, E V rn (t) = v rn (t). On the other hand, KV rn (t) = e rt KV rn (t), and 



ASYMPTOTIC NORMALITY OF THE A-CORE IN RANDOM GRAPHS 21 



V rn (t) is the number of bins with at least r balls at time t in the process 
where balls die independently with rate 1 (without stopping). At time 0, the 
number of balls in a random bin has the distribution of D n , and at time t it 
thus has the same distribution as the thinned variable D n e -t . Consequently, 

(5.22) v rn {t)=EV rn (t) = e rt n¥{D nie - t > r) = ne rt g m ( e -*) , 

verifying our claim. 

Accordingly, for t < r n , let 

V rn (t) := n- l l 2 (V rn {t) - ne r V n (e-*)); 
we find from (5.20)-(5.22) that 

V rn {t) = M rn {t) 

(5.23) 

oo , . -\\ ft 

j=r+i V r S Jo 

We can now apply (5.18) (with joint convergence) to any partial sum. Fur- 
ther, from (5.17) we have [M rn ,M rn ] t < e 2rt V rn (0)/n. By Condition 2.1(h), 
for any A > 1, there exists Ca such that V rn (0) < A~ r J2j^=o UjA 3 < CaA~ t ti. 
Thus, for any T > 0, choosing A = e 2T+2 , 

[M rn ,M rn ] T < e 2rT V rn (0)/n < C A e~ 2r . 

Hence, using (4.2) and Doob's L 2 -inequality, we obtain 



EsupM r 2 n (t) < AE[M rn ,M rn ] T < C' T e 

t<T 



-2r 



Then by the Cauchy-Schwarz inequality, 

(5.24) Esup|M rn (t)| < C'J r e~ r . 

t<T 

Hence, by (5.18) and Fatou's lemma, 

(5.25) Esup|y r (t)| <Ce~ r . 

t<t 

Let Rjy n (t) be the tail of the sum in (5.23), summing over j > N only. 
Using (5.24), it is easily seen that, for any fixed r and T, Ksup t<T \R.Nn(t)\ — ► 
as iV — ► oo, uniformly in n. Then using the convergence of the partial sums, 
we may by [2], Theorem 4.2, take the limit (5.18) (in distribution) under the 
summation sign in (5.23). It follows that 

(5.26) VmitAT^^MtAto), 
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in D[0,oo) for each r, where 

00 / ■ 1 \ ft 

(5.27) X r (t):=Y r (t)+ ^ f , (e-'-e^e^Wd.. 

It is an easy consequence of (5.25) that the sum in (5.27) a.s. converges 
uniformly in t < to, which implies that each X r is continuous. 
Next, define for each r 

(5.28) V rn (t) := n- l l 2 {V rn {t) - 7i ?m ( e -*)) = e- rt V rn (t), 

(5.29) X r (t):=e- rt X r (t). 
Then, by (5.26), 

(5.30) V rn (tAT' n )^X r (tAt ). 

Furthermore, our proof shows also that there is joint convergence for different 
r in (5.30). Moreover, the same argument as above (with truncation to finite 
sums, using (5.24) and [2], Theorem 4.2) shows that we can sum over r > k 
to yield, jointly with (5.30) and with a continuous limit on the right-hand 
side, 

00 00 

(5.31) Y,^rn(tAT^)^Y, X r(t/\t ). 
r=k r=k 

It now follows from (5.11) and (5.12) that (3.5) and (3.6) hold with Zg = X^ 
and Z H = kX k + YT=k+i x r] see (3.1), (3.2), (2.5) and (2.6). 

Finally, let us apply Proposition 4.1 to M rn , for all r > k, and W n to- 
gether. Each time V rn jumps (necessarily by —1) for some r > k, a white ball 
dies and thus W n jumps too (by —2). (We restrict ourselves tor>fc here, 
and recall that every heavy ball is white.) Thus, the quadratic covariation 
is 

[M rn ,W n ] t = n ~ 1 J2 &M rn (s)AW n (s)=n- 1 £ AV rn (s) AW n (s) 

0<s<t 0<s<t 



= n~ l V e^ s AV rn (s)AW n (s)=n- 1 f 2e^ +2 > d(-V rn (s)), 
0<s<t Jo 

and [using integration by parts as in (5.16)] we obtain from (5.15) that 

[M rn ,W n ] t = 2 f e^ +2 > d(-q r (e- s )) + o p (l) 
Jo 



(5.32) 

p- r - 2 dq r (p) + o p {l). 



ASYMPTOTIC NORMALITY OF THE if-CORE IN RANDOM GRAPHS 23 



Hence, Proposition 4.1 implies joint convergence for M rn (r > k) and W n 

stopped at r' n , and, by (5.23), this also holds for V rn . Hence, we can regard 
the Gaussian processes Zyy, Y r and X r , r > k, as jointly defined, and jointly 
Gaussian, and the limits above holding jointly (at least for r > k). But 
L n {t) = W n {t) - H n {t) so, combining together (5.11), (5.12), (5.10), (5.30), 
(5.31), (3.3) and (5.8) yields (3.5)-(3.7), with 

(5.33) Z B :=X k , 

oo 

(5.34) Z H :=kX k + J2 X r- 

r=k+l 

oo 

(5.35) Zl := Zw — Zh = Zw — kXk — X r . 

r=k+l 

Next we compute the covariances of the processes Zl, Zh, Zb- As stated 
above, for simplicity, we shall only consider the case of a single time t; we 
leave the general case of two different times to the reader. For convenience 
we make the change of variable t = — Inx; thus, x = e _t decreases from 1 
to 0. In what follows, we assume that < t < to (so that e _i ° < x < 1), and 
that r,s>k. Also, for convenience, in (5.42)-(5.47) our results are stated in 
terms of quantities aww{z), &rw{ x ) an d <7 rs (x) defined below. 

First, by (5.7), 

(5.36) Var(Z(- Ins)) = E(Z(- lnrr) 2 ) = 2\(x~ 2 - 1) 
and, thus, 

(5.37) a ww {x) := Var(Z w (- Inx)) = Var(x 2 Z(- Inx)) = 2X(x 2 - x 4 ). 
Similarly, by (5.19) and the ensuing comments, 

Cov((y r (- lnx),Y s {- Inx)) = 5 rs f p~ 2r dq r (p). 

Moreover, (5.32) implies, by Proposition 4.1, 

(5.38) Cov(F r (-lna;),Z(-ma;)) = 2 C p~ r ~ 2 dq r (p). 

Jx 

Let s = — lny. Recall that Z is a martingale, and so Cov (Z(t), Yj(s)) = 
Cov (Z(s),Yj(s)). Then from (5.27), for s<t, 

Cov(A > r (-lnx),Z(-lnx)) =2 / p' 1 " 2 dq r (p) + ^ r \ ) a rj(x), 
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where we define, with the change of variable y = e~ s , 

a rj (x):=[ (y-xy-r-^f p~ 3 ~ 2 dq^p) dy 
Jy=x Jp=y 



1 r p 

(y - x) 3 ~ r ~ x v~°~ 2 dy dqjip) 



p=x J y=x 
1 



J - r J x 



{p-x) J r p 3 2 dqj(p). 



Hence, 



(5.39) 



Covpr r (-lnx),Z(-lnx)) 



2 E( J r _l) J x (P-xr r P^ 2 dq 3 ( P ) 



and, recalling (5.9) and (5.29), 

a r w(x) ■ = Cov(X r (— Inx), Zw(— lnx)) 

(5.40) 



Similarly, by (5.27) and (5.19), 
Var(l r (-lnx)) 



/ p~ 2r dq r (p)+ J2 

Jx ■ i 



oo , . -, \ 2 



V 2 



j=r+l 



3-1 



x 2 / / (y-xy-^iz-xy- 1 - 1 

J Jx<y<z<l 

x / p~ 2j dqj(p)dydz 

Jp=z 



^ / ■ i \ 2 pi 



■j=r 

and, omitting the details, for i > 1, 
Cov(X r (— \nx),X r+ i(— lnx)) 



j=r+i 
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Hence, by (5.29) again, for i > 0, 

a r>r+ i(x) : = Cov(X r (— Inx), X r+ i(— Inx)) 



2r +i \^ ( 3 3 - 1 

r — 1 I \ r + i — 1 



(5.41) =x 2r+i 



The covariances of the processes Zl, Zjj, Zb now follow from (5.33)- 
(5.35), (5.37), (5.40) and (5.41); (3.8) now follows, with 

(5.42) ct B b(x) = a kk (x), 

oo 

(5.43) o B h{x) = ka kk (x) + ^ cr kr (x), 



(5.44) a HH (x) = k 2 a kk (x) + 2k J2 °kr{x) + J2 a - 

r=fc+l r,s=fc+l 



r=k+l 

oo 



(5.45) cfbl(x) = a kW (x) - ctbh(x), 

oo 

(5.46) cthl{x) = ka kW (x) + ^ a rW (x) - o HH {x), 



r=k+l 

oo 

(5.47) ctll(x) = a ww (x) -2ka kW (x) - 2 ^ a rW (x) + ct H h(x). 

r=k+l 

Finally, to see that this gives a nonsingular covariance matrix when ¥(D > 
k) > and f = — lnx G (0, to], we argue as follows (without using the explicit 
formulas above). Assume that the matrix is singular for t = t\ > 0. Then 
asZBiti) + a,BZn(t\) + a^Z^itx) = a.s. for some constants as, clh, &L-, not 
all zero. 

If cll = 0, then (5.33) and (5.34) show that either X k = aJ2j>k+i-^j f° r 
some a or X k+ i = — J2j>k+2 Xj a.s. By (5.29) and (5.27), this means that 
for either I = k or I = k + 1, Yi is a.s. equal to a function of {Yj}j>i that 
can be written as a sum X!z+i Jo* 1 fj( s ) dYj(s) of stochastic integrals, for 
some deterministic functions fj(s) (depending on t\). However, the processes 
Yj are independent, so this is impossible unless Y[ (t\) = a.s., but this 
contradicts (5.19) and (2.9) since F(D >k + l)>0. 

If ai 7^ 0, we similarly see that Z{t\) = e 2tl Zw(ti) is a.s. equal to such a 
sum, now over j > k, so that for suitable deterministic functions fj, 

z(h)= / dz( s ) = J2 / /»«n<j( a ). 

•A) 
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(The integrals on the right-hand side are independent, and the sum converges 
in L 2 .) In other words, when t = ti, 

(5.48) J^dZ(s)-^f j (s)dY j (s)j =0. 

This stochastic integral is a martingale, and thus, (5.48) holds for all t £ 
[0,ti]. 

Rewrite (5.36)-(5.38) as 

Var(Z(i))= [ b zz (s)ds, 
Jo 

Cov(Yj(t),Y r (t)) = 5 jr [ bjj(s) ds, 



Cov(Z(t),Yj(t))= / b Zj (s)ds, 



o 



where 

(5.49) b zz (t)=A\e 2t , 

(5.50) b jj (t) = e ( - 2 ^ t q' j (e- t ), 

(5.51) b Zj (t)=2e^ t q' j (e- t ). 

Then, computing the variance of the stochastic integral in (5.48), we find, 
for 0<t<ti, 

J o \bzz{s)-2^f j (s)b Zj (8) + ^f j (s)H jj (s)\ =0, 

\ j= k j = k ' 

and thus, for a.e. s E [0,ti], 

oo oo 

(5.52) b zz (s)=2j2fj(s)b Zj (s) - £/i( s ) 2 M s )- 

j=k j=k 

Now, the arithmetic-geometric inequality shows that 

Vj{s)b Z] {s) < fjisfbjjis) + bzjisf/bjjis), 
so, using formulae (5.49)-(5.51), we deduce from (5.52) that 

oo oo 

(5.53) 4Ae 2s = b zz {s) < £ b Zj {s) 2 /b ]3 {s) = 4 ]T e 3s ^(0- 

j=k j=k 

On the other hand, for any finite sequence gk, - ■ ■ ,9n of bounded determin- 
istic functions, a similar calculation of the quadratic variation of fQ(dZ(s) — 
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2~2f=k 9j( s ) dYj(s)), and the fact that the quadratic variation is an increasing 
process, shows that, for a.e. s € [0,£i], 

N N 

bzz(s) - 2 ]T gj (s)b Zj (s) + ]T gj {s) 2 b j3 {s) > 0. 

j=k j=k 

Taking gj(s) = min(bzj(s)/bjj(s),M), j = 1, . . . ,N, and then letting M — ► oo 
and iV — > oo yields bzz(s) > X^fc bzj(s) 2 /bjj(s) for a.e. s G [0, ti]. Combined 
with (5.53), this shows that, for a.e. s € [0,ti], 

oo oo 

(5.54) 4Ae 2s = b ZZ (s) = £ M*)7*mM = 4e 3 * £ ^(e" s ). 

It is easily seen from (2.9) and Condition 2.1(h) that Y^JLkljip) can ^ e 
expressed as a convergent power series in p 6 [0, 1]; thus, (5.54) holds for all 
s > and yields 

oo 

= Ap, 0<p<l. 

j=fc 

By integration, since <7j(0) = for j > by (2.4), this gives 

oo > 

(5.55) E9» = 2 p2 ' °^^ L 
j=fc 

As p — > 0, the left-hand side is 0(p k ), so (5.55) requires k = 2. Moreover, 
by (2.4) again, 

* oo 

-p 2 = >j)=ED p - F(D P > 1) = p\ - 1 + P(D P = 0), 

2 3=2 

and thus, for q = 1 — p G [0, 1], 

00 A A A 

J2p^=nD^ q = 0) = -(l- q ) 2 -X(l-q) + l = l-- + - q 2 . 

3=0 ^ ^ ^ 

Consequently, pj = for j ^ 0,2, which contradicts our assumption P(Z? > 
fc) > 0. (Although somewhat hidden in the argument above, the conceptual 
reason behind the proof is that W n will jump without any change in V rn , 
r >k, every time a light white ball dies, and this occurs quite often.) □ 

In the above covariance formulae, dqj{p) = q'j(p) dp, which can be ex- 
pressed in (pi)i using (2.9). In particular, (5.39) and (2.9) yield 

Cov(A > r (-lnx),Z(-lnj;)) 
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CO OO / 7 1 \ / • -i 

I- 1 A / J - 1 



j — l J \r—l 



x / (p - z)J- r p- J '~V -l (l -P)' _i dp 



2 E^ r (r) / (i-P + P-^)'"^" 3 ^ 

Ek(!)(i-^v 2 -i). 



oo 

r 

l 



Consequently, (5.40) simplifies to 

(5.56) a rW (x) = rx r (l - x 2 ) £>(')(1- x) l ~ r . 

l=r ^ ' 

Unfortunately, we have not found any similar simplification for, for ex- 
ample, a rr (x). 

Example 5.2. In the special case where D ~ Po(A), we have by Lemma 
2.4 and the line following (1.2) 



q'Ap) = Xtp'JXp) = A7Tj_i(Ajp) 



(7-1)1 

and by (5.56) [or from (5.40)], 

oo ■> i 

a rW (x) = rx r (l - x 2 ) ^e~ A — 1— (1 - x) l ~ r 

l=r ' 

" X 1 X ; (r-l)!^ i! ~ (r-l)! 1 X J ' 
but we see no significant simplification of (5.41). 

6. Proof of Theorems 3.4 and 3.5 for G*(n, (di)™). We will now use 
Theorem 3.1 to prove Theorems 3.4 and 3.5 for the random multigraph 
G*(n,(di)i)- The simple random graph G(n,(di)i) will be treated in the 
next section. As a preparation, the reader might (on second reading) observe 
that the proofs below hold also if we allow 0(1) golden edges, as in Theorem 
3.1, now interpreting Core^ as the remainder (excluding isolated vertices) 
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when we stop, provided that in Theorem 3.5 we replace "Core/t = 0" by 
ll H n (r n ) < 5n" for some fixed, sufficiently small, 5 > 0. 

Proof of Theorem 3.4. Note that 1(0) = l n (0) = 0, so p and p n are 
well-defined numbers in [0, 1]. Moreover, if 5 > is small enough, then l(p — 
5) < and l(ft + 5) > 0. Since l n — ► I by Lemma 2.3, this implies l n (p— 5) < 
and l n (p + 5) > for large enough n, and thus, l n then has a zero ]3 n in 
(p — 6,p + S). Furthermore, the uniform convergence of l n to I given by 
Lemma 2.3, and the fact that I > on the compact interval [p + 5,1], imply 
that if n is large enough, then l n > on \p + 5, 1]. It follows that, for large 
enough n, p n £ (p — J,j5 + <5). Since 5 can be chosen arbitrarily small, this 
shows p n ^p. We change variables and define t := — lnp and t n := — lnp n ; 
thus, t n — ► t. 

It was shown in [17], proof of Theorem 2.3, that r n — > £. [This was proved 
using methods similar to those used here, as a simple consequence of (3.9), 
and extends to the case with golden balls.] Consequently, we can apply The- 
orem 3.1 with r' n = T n and to — We simplify, at least conceptually, by using 
the Skorokhod coupling theorem ([19], Theorem 4.30) which shows that we 
can assume that all random variables are defined on the same probability 
space and that both r n — ► t and the limits (3.5)-(3.7) hold a.s. Since the 
limits Zb, Zh and Zl are a.s. continuous, this means that a.s. (3.5)— (3.7) 
hold uniformly on the interval [0,t + 1]. Taking t = T n (which a.s. is less that 
t + 1 for large n), we see that, in particular, a.s. 

L n (T n ) = nl n (T n ) + n 1/2 Z L (T n A i) + o(n 1/2 ) 

(6.1) 

= nl n (T n ) + n V 2 Z L (t) + o(n^ 2 ), 
by the continuity of Z^. Thus, since L n (r n ) = —1, 

(6.2) l n (r n ) = -n- x l 2 Z L (i) + o(n~ 1 ' 2 ). 

Moreover, by the mean-value theorem, for some £ n in the interval [£n>7n] or 

I'm ^n] ) 

(6.3) l n (r n ) = L(r n ) ~ L(t n ) = l'n(Cn)(r n ~ tn)- 

As n — > oo, we have r n — > t and t n — > t, and thus, £ n — > t. Hence, the uniform 
convergence of l' n (see Lemma 2.3) implies l' n (£ n ) l'(t) = ~ e ~ t ^'(p) = —pet- 
it follows by (6.3) and (6.2) that a.s. 

Tn-t n = (-^- + o(l)) L(r n ) = n~ l l 2 —XZ L (i) + 0(1)). 
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Consequently, using the mean-value theorem again and the analogue of 
(6.1) for H n , a.s., for some £' n — > t, 

n- l / 2 H n (T n ) = n^hnirn) + Z H (t) + o(l) 

— ft ^ h n (t n ) + n l / 2 h' n (0(r n - t n ) + Z H (i) + o(l) 

(6.4) 

= Tl^hnipn) + h'{i) — Z L {t) + Z H (t) + 0(1) 

ap 

= n^hnipn) - ^Z L (i) + Z H (i) + o(l), 

a 

and similarly for B n . The result (3.10) follows since e(Corefc) = \H n (T n ) and 
v{Coie k ) = B n (T n ). 

Finally, it is easily seen that if ¥(D > k) = 0, then /i(p) = kpkp k and either 
/(l) = and p = 1, or /(p) > for < p < 1 and p = 0. But we have assumed 
that < p < 1, so P(D > fc) > and the nonsingularity of the covariance 
matrix follows from the nonsingularity in Theorem 3.1. □ 

Proof of Theorem 3.5. Let < 5o < p, and let e > be so small 
that 5o < p — e<p<p + e<l and I" > [3/2 on I £ := [p — e,p + e]. Since 
I" — > I" uniformly, it follows that I" > (3/4 > on I e , provided n is large. 
Hence, for such n, l n has a unique minimum point p n in I £ . Moreover, 
since l n — > I uniformly, l n (pn) = min/ e l n — > min/ e I = 0. On the other hand, 
rj := miri[s .i}\l e I > 0, so if n is large enough, then min^!]^ l n > rj/2 > 
minr e l n = l n (pn)- Consequently, for large n, p n is the unique minimum point 
of in [<5o , 1] ■ In the sequel we consider only n such that such a unique 
minimum point exists, and we redefine p n to be this minimum point. We 
have shown that the two definitions give the same result for large n. In 
particular, p n £ I £ for large n. Since e can be chosen arbitrarily small, this 
shows that p n — > p. 

We change variables and define t := — Inp and t n := — \np n — > t. Thus, 
l(t) = 0, but l(t) > for t > with t / t. Suppose that T\ and T2 are any 
fixed numbers with i<T 1 <T 2 . Then r/i := min{[(t) : t e [T 1 ,T 2 ]} > 0. By 
the uniform convergence of l n — ► /, minr^^j] l n > f° r large n. Hence, if 
T\ < r n < T 2 , and n is large enough, then l n {T n ) — L n (T n )/n = l n {T n ) + l/n> 
r/i/2, because L n (r n ) = —1. On the other hand, it follows from (3.9) that 
W(in(T n ) - L n (T n )/n > r/i/2) -> 0. Consequently, 

(6.5) P(Ti < r n < T 2 ) -> 0. 

Similarly, if T < t, then 



(6.6) 



P(0 < r n < T) -> 0. 
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By [17], Lemma 5.1 (a version of a classical result by Luczak [21]), there 
exists 8 > such that whp G*(n, (dj)") has no nonempty A:-core with fewer 
that 8n vertices. Choose T 2 such that Xe~ 2T2 < 8, and let 8\ := 8 — Xe~ 2T2 > 
0. 

Since W n (0)/n = (2m- I) /n -> A, it follows by (5.4) that |JW n (T 2 f\T n ) - 
Ae -2(T 2 Ar n )| 0, and thus, whp, if r n > T 2 , then \\W n {T 2 ) - Ae~ 2Ta | < Si, 
and thus, -W n (T 2 ) < \e~ 2T2 +81 = 8. Hence, if r n > T 2 , then whp there are 
less than 5n white balls remaining at T 2 , and thus even fewer at r n , so the 
A:-core has fewer that 8n vertices. By the result just quoted, this shows that 
if T n > T 2 , then whp the k-core is empty. In conjunction with (6.5), this 
implies that, for every fixed T\ > t, 

(6.7) P(Core fe + and r n > T x ) -> 0. 

We next replace the fixed T\ by a sequence t' n —>t. We claim we can define 
t'n — max{t, tn} in such a way that — > t and 

(6.8) P(Core fc / and r n > t' n ) -» 0. 

Let us do so explicitly. For every i £ N, we may define rii = max{nj_i + 1, n^}, 
where n- is the minimum natural number such that, for all n > n^, 

P(Core fc / and r re > i + l/i) < l/i. 

[It is clear by (6.7) that rii exists.] The numbers form an increasing 
sequence. Now define t n = t + l/i for each rii <n< n>i+i- Then for n > rii, 

P(Core fc / and T n >t")<-. 

1 

Further, t" n — > t. Finally, we can let t' n = max{t^,t n ,}, and this is a sequence 
with required properties. 

We now define r n := r n A t' n . If r' n = t' n , then r n > t' n and thus, by (6.8), 
whp the A:-core is empty. Conversely, if r n < t' n , then r n = r n < t' n < t + 1 
for large n. Let rj 2 := \e~ 2<yt+2 \ By (5.4) again, if r n < i + 1, then whp 
n~ l W n (T n ) > \e~ 2l ~ n — 7] 2 > 0, and thus, there are some white balls left at 
r n , which shows that there is a nonempty fc-core. Consequently, whp the 
fc-core is empty if and only if r' n = t' n . 

Note further that T n < t' n by definition, and t' n — > t. Moreover, by (6.6), 
for every T <i, whp r n > T and, thus, r n > T. Consequently, T n — — > i. 

We can thus apply Theorem 3.1, with to = t. Since < p < 1, the non- 
singularity statement in Theorem 3.1 applies as in the proof of Theorem 3.4; 
in particular, a 2 = a 2 LL > 0. 

As in the proof of Theorem 3.4, we use the Skorohod coupling theorem 
[19], Theorem 4.30 and assume that the limits (3.5)-(3.7) and r' n ^>t hold 
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a.s. In particular, (3.7) then yields a.s., using T' n — ► t and the continuity of 
Zl, 

(6.9) n- l ' 2 L n (r' n ) = n^Wn) + + o(l). 

If r' n < t' n , and thus r„ = r' n and L n (T^) = L n {T n ) = —1, then (6.9) yields 

(6.10) n 1 / 2 l n {r n ) = -Z L (t) + o{l), 

and, since p n is the minimum point on an interval including r n , 

(6.11) n 1/2 Z„(p„) = n^Utn) < n l l 2 l n (j' n ) = -Z L {t) + o(l). 

In particular, for any e > 0, if Core^ / 0, then whp < t' n and, by (6.11), 
whp 

(6.12) n x / 2 l n (p n )<-Z L {t) + e. 

Conversely, if r' n = t' n , then a.s. r n > t' n > t n (since r n has a continuous 
distribution) so L n (t n ) > 0. Moreover, (3.7) yields 

(6.13) < n-^ 2 L n (t n ) = n l in n {t n ) + Z L {t) + o(l). 
Consequently, 

(6.14) n^XiPn) = n^ 2 l n (t n ) > -Z L (t) + o(l). 

In particular, for any e > 0, if Core^ = 0, then whp = and, by (6.14), 
whp 

(6.15) n l l 2 l n {p n )>-Z L {i)-e. 

In the case (i) of the theorem, (6.12) fails for large n (and any s > 0), and 
thus, whp Corefc = 0. Similarly, in case (iii), (6.15) fails for large n (and any 
e > 0), and thus, whp Core^ ^ 0. 

In case (ii), it follows similarly that if Z^(t) > — £ + then (6.12) fails for 
large n, and thus, whp Core^ = 0, while if Zl(z) < —( — e, then (6.15) fails 
for large n and thus whp Core^ 7^ 0. Since e > is arbitrary, this means 
that whp Corefc 7^ < — (, and thus, since ~ N(0, a 2 ) by 

(3.8), 

P(Core fc ^ 0) - P(Z L (£) < -C) = *(-CM 

as asserted. 

Assume now that T n = r' n < t' n so that the fc-core is nonempty, and let us 
localize r n more precisely. Note first that, since l'{p) = and l"(p) = (3 > 0, 
it follows that = and Z"(t) = /3:=f3p 2 >0. 

Using Taylor's formula and the fact that l' n (t n ) = 0, for some £ n between 
T' n and t n , 
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and thus by (6.10), recalling l n (t n ) = l n (pn), 

(6.16) ffifa) • « - t n f = n~ l l\-Z L {i) - n 1/2 ?n(p„) + o(l)). 

Since — > i and i n — > t, we have £ n — > t a.s., and thus, Z"(£ n ) — ► = /? > 
a.s. 

In case (ii) we thus have, when Zl{V) < — £, 

(6.17) « - t n ) 2 = 2/r 1 ?i- 1 /2(_ Zi (t) - C + o(l)). 

If > i n , then L n {t n ) > and (6.13) holds, which by (6.16) implies 

(6.18) l^ (en ). (r ;_ tre) 2< o(r ,-i/2 ); 

which contradicts (6.17) for large n. Consequently, when Zl(i) < — f, (6.17) 
yields 

(6.19) r n = t n - n" 1 / 4 ((2//3) 1 / 2 (-Z L (t) - C) 1/2 + o(l)). 

We now obtain from (3.6) [cf. (6.4)], recalling h' n (t n ) — > h'(t) = —ph'(p), 
H n (r n ) = nh n (r n ) + n x l 2 (Z H (t) + o(l)) 

(6.20) = nh n (t n ) + n(%(in) + o(l))(r„ - t n ) + 0{n 1 ' 2 ) 

= nh n (p n ) + n 3 / 4 (h'(p)(2/f3) 1 / 2 (-Z L (i) - C) 1/2 + o(l)) 

and similarly for B Tl . The result follows, with Z := —Z^(t)ja ~ iV(0, 1), 
since e(Corefc) = ^H n (T n ) and f(Corefc) =i? n (r n ). (Note that Zu and Z# 
give insignificant contributions in this case.) 
In case (iii), we similarly obtain from (6.16) 

«-t n ) 2 = 2/3- 1 |/„(p n )|(l + (l)) 

and, since by (6.18) we can again exclude T n > t n for large n, 

(6.21) r n - t n = r' n -t n = - (2//3) 1 / 2 |/ n (p n )| 1 / 2 (l + 0(1)). 

The random fluctuations here turn out to be of a smaller order. To capture 
them, we note that, for large n, using the argument at the start of the proof 
[since now l n (pn) < 0], that l n (p) = for exactly two values of p in I e , say, p n 
and p' n , with p — e < p' n < p n < Pn < P + £, and not for any other p £ [5o, 1]. 
Let t n := — lnp„ < t n , so l n (t n ) = 0. By Taylor's formula as for (6.16), also 

(6.22) t n - t n = - {2/$) 1 / 2 \l n {Pn)\ 1/2 {l + o(l)). 

Finally, by Taylor's formula again, for some £ n between r n and t n , 

(6.23) l n {r n ) = l n {r n ) - l n (t n ) = l' n {U){r n - t n ). 
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Since l' n (t n ) = 0, we similarly have for some £' n between £ n and t n , 

(6.24) Utn) = Utn) ~ l' n (tn) = (£n ~ • 

From (6.21) and (6.22), r n — t n ~ t n — t n , and so also £ n — t n ~ t n — t n . 
Combining this with (6.24), (6.22), as well as the fact that I'^'J -> l"{t) = $, 
we obtain 

Utn) = Kin ~ t n )(l + O(l)) = -(2/3) 1 /2|/ n (p n )|l/2 (1 + o(1)) . 

Hence, (6.23) and (6.10) yield 

r n ~ i n = \l n {p n )\- l ' 2 n- l l 2 {2f3)- 1 / 2 {Z L {i) + o(l)). 

The result now follows by (3.5) and (3.6), analogously to (6.20), with Z' := 
-(2/?)~ 1 /2 Zl( £ ) . 

For the final statements, from Taylor's formula and l' n (p n ) = 0, 

(6.25) l'n(P) = (P + o(mp-Pn), 

and hence 

UP) - Inipn) = UP + o(l))(P " Pn) 2 = ((2/?)" 1 + o(l)K(p) 2 , 

so, if l' n (p) 2 = o(l n (p)), then l n (pn)/ln(j>) — ► I, which yields the first claim. 
The second follows from (6.25) and b n (p n ) — b n (p) = 0(\p — p n \), and simi- 
larly for /i n . □ 

7. The simple graph G(n, (di)™). We have proved Theorems 3.4 and 3.5 
for the random multigraph G*(n, (di)±), and the next step is to show that 
they hold for the random simple graph G(n, (di)™) too, that is, that they 
hold for G*(n,(di)i) conditioned on this random multigraph being simple. 
For results that can be stated as convergence in probability, or stating that 
some event holds whp, this transfer is immediate: it suffices to have that 

(7.1) liminf P(G*(n, (d,)?) is simple) > 0. 

(As is well known (see, e.g., [22]), (7.1) holds under Condition 2.1(h); see 
[16] for a general necessary and sufficient condition.) For example, this holds 
in our previous paper [17]. However, with distributional results, such as 
those in the present paper, the transfer to G(n, (dj)" ) is much more delicate, 
and amounts to showing that the variables we study are asymptotically 
independent of the event that G*(n, (di)™) is simple. 

Our basic tool will be the following general probabilistic result. Recall 
from Section 2 that an indicator (of some event) is a random variable taking 
values in the set {0, 1}. 
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Proposition 7.1. Assume that X n , n > 1, and X are random variables 
with values in some metric space S and that, for each n > 1, (I n a)aeA„> ^ a 
(finite) family of indicator random variables defined on the same probability 
space as X n . Let W n := J2aeA n ^ na an( ^ ^ ^ n ^ e ^ e even ^ 

£n ■= Una = for every a G A n } = {W n = 0}. 
Assume further the following, as n — > oo: 

(i) X n ^X. 

(ii) For any fixed £>1, if we for each n select i indices a™, . . . , a™ G A n 
such that P(I na ™ = • • • = I na n = 1) > 0, then 

(7.2) (X n | I na n = • • • = I na n = 1) X. 

(iii) W n — — > W, where W is a random variable such that F(W = 0) > 
and the distribution of W is determined by its moments. 

(iv) lim sup^^^ E(Wjj) < oo for every j > 1. 

Then (X n \ £ n ) X. 

Remark 7.2. The careful reader may observe that in (ii) it is conceiv- 
able that, for some n, it is impossible to select a", . . . , a" £ A n satisfying the 
condition. However, we may just ignore such n. Indeed, since we may take 
a™ = ■ ■ ■ = a", this happens if and only if W n = a.s., and if this happens 
for more than a finite number of values of n, then necessarily W = a.s. by 
(iii), so F(£ n ) — > 1 and the conclusion becomes trivial. 

PROOF of Proposition 7.1. Recall that X n X is equivalent to 
F(X n £-A)^ F(X G A) for all measurable sets ACS such that F(X G dA) = 
0; see [2, Theorem 2.1]. 

Fix such a set A; we thus want to prove that F(X n G A | S n ) — > P(X G A) . 
By (7.2), for each £>1, 

(7.3) P(X n G A | I na n =■■■= I na n = 1) -!* P(X G A) 

for every choice of a", . . . , a" G .A n such that P(/ nQ ,™ = • • • = I nc q = 1) > 0. 
Moreover, (7.3) holds uniformly in all such choices, since otherwise we could 
for each n select a", . . . , a" such that the difference between the two sides 
in (7.3) is maximal (for this n) and obtain a contradiction. 

Assume first that F(X G A) > 0. Then F(X n G A) > for large n; we 
consider such n only. Then, by (7.3) and assumption (i), 



F(X n G A and I nai = ■ ■ ■ = I ncte = 1) 
P(^n G A) 



^•(Ijiotl ■ " ' I-noti | A"n £ A) 
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_ jjXj^n £ A I jnoi — • • • — J nQ , f — 1) . _ _ . 

F(x n e A) ninai lnai - ij 

_ nxeA) + o(l) _ _ 
~P(XeA) + o(l) { nai ~ 

= (l + o(l))E(/ nai -..J Ba4 ), 

where o(l) — > as n — > oo, uniformly in all choices of «i, . . . , an G «4 n such 
that E(J nai ■ ■ -Inag) > 0. Furthermore, this holds also, trivially, if 
E(inai • • • -fna £ ) = 0. Consequently, we can sum over all a±, . . . ,ae G .A n and 
obtain 

(7.4) E(Wi \X n eA) = (l + o(l)) E«). 

Now, assumptions (hi) and (iv) imply that E(Wj^) — ► E(W ) for every 
and thus, (7.4) yields E(W^ | X n G A) — >■ E(1F £ ). By the method of moments, 

and (hi), this implies that (W n | X n G A) — — > W, and thus, 

P(W n = | X n G A) -> P(1F = 0). 
As a consequence, using (i) and (hi) again, 

F(X n G A and W n = 0) 



P(X n G A | £„ 



P(W„ = 0) 

= P(^ n . = 0|X w GA)F(X n GA) 
P(VF n = 0) 
F(W = 0)¥(XeA) _ 

— p(w^o) — -nxGA). 

This is precisely the result sought in the case F(X G A) > 0. 
When P(X G A) = 0, then, trivially, by (i) and (hi), 

Consequently, F{X n G A | £ n ) — > P(X G .A) for every measurable A with 
P(X G 9A) = 0, and thus, {X n \S)-^X. □ 

Remark 7.3. The conditions in Proposition 7.1 may be weakened in 
several different ways. First, we may allow some exceptional ^-tuples of in- 
dices in (ii). More precisely, it suffices that there exists, for every £ and n, a 
set B n t C such that (7.2) holds when (a", . . . , a") ^ B n £, and further, for 
every hxed £, Yl( a ^,...,a n )eBni E(/ n a™ ■ ■ ■ Ina™) —> as n — > oo. Second, we may 
replace (hi) and (iv) by the assumptions that liminfn^oo P(£ n ) > and that 
there exists B < oo such that Mj := limsup n _ >00 E(W^) < B J j\ for all j > 1. 



ASYMPTOTIC NORMALITY OF THE if-CORE IN RANDOM GRAPHS 37 



(The latter could be weakened to the Carleman condition J2j Mj = oo, 
see [10, Section 4.10].) Indeed, Mi < 00 implies that the sequence (W n ) n 
is tight, so every subsequence has a subsubsequence converging in distri- 
bution to some W (that may depend on the subsubsequence), and these 
assumptions imply that this W has to satisfy the conditions in (iii). Hence, 

(X n I S n ) — — > X holds along all such subsubsequences, which implies that it 
holds for the full sequence. 

Proof of Theorems 3.4 and 3.5 for G(n,(di)^). To prove Theo- 
rems 3.4 and 3.5 for G(n,(di)i), with the help of Proposition 7.1, we first 

check that the conclusions can be put in the form X n — — > X, where X n and 
X take values in some metric space S. 

For Theorem 3.4 and Theorem 3.5 (iii) , this is immediate, with S = R 2 . 

For Theorem 3.5(h), we first observe that (3.11) is equivalent to lfCore^ 7^ 

0] — Be($(— C/c)), where Be(q) denotes a Bernoulli distribution with pa- 
rameter q; here we can take, for example, S = R. If this holds, we then take 
S = [—00, oo) 2 and note that the second assertion in Theorem 3.5(h) can be 
written as 

n" 3/4 (w(Core fc ) - b n (p n )n, e(Cove k ) - \h n (p n )n) -^X, 

as random variables in [— 00, oo) 2 , for a certain random variable X with a 
point mass <&(£/cr) at (—00,— 00). 

Finally, Theorem 3.5(i) can also be written as a convergence in distribu- 
tion of indicator variables (this time with a degenerate limit), but in this 
case, the transfer to G(n, (di)™) is actually immediate by the comments at 
the beginning of this section. 

We make one more modification for Theorem 3.5: we choose a sufficiently 
small 5 > and replace the condition Core^ / by e(Corefc) > 5n; by 
[17], Lemma 5.1, and (7.1), these conditions are whp equivalent for both 
G*(n,(di)i) and G(n, (dj)™), so the modified theorem is equivalent to the 
original one. 

In all cases we are thus in the setting of Proposition 7.1, with X n some 
functional of G*(n, (dj)™), and condition (i) satisfied, since it is just the 
statement that the statement in question holds for G*(n, (di)i )• 

We let A n ■= Ani U A n 2, where A n i is the family of all (unordered) pairs 
of two half-edges at the same vertex, and A n 2 is the family of all pairs 
{{x\,yi}, {X2, 2/2}} of two disjoint pairs of half-edges with x\ and X2 belong- 
ing to one vertex and y\ and 7/2 belonging to another. For a G A n , we let 
I na be the indicator of the event that the pair(s) in a occur in the random 
configuration. Then W n is the number of loops and pairs of parallel edges 
(other than loops) in G*(n, (dj)"), and 8 n is the event that G*(n,(di)i) is 
simple. 



38 



S. JANSON AND M. J. LUCZAK 



As is well known, Condition 2.1 implies that W n — — > Po(A), with conver- 
gence of all moments, for some A < oo; see, for example, [16], Theorem 7.1. 
[More precisely, A = A + A 2 , where A = E(*?)/A.] Consequently, conditions 
(hi) and (iv) in Proposition 7.1 are satisfied. 

It remains to verify (ii). In our case, (ii) means that the results in Theo- 
rems 3.4 and 3.5 (modified as above) hold also if, for any fixed £, for every 
n, we select a set of at most 21 disjoint pairs of half-edges and condition the 
configuration on containing these pairs of half-edges. (Actually, we need this 
only for certain sets of pairs, but it is just as easy to prove it for arbitrary 
sets. Note that the modification in Theorem 3.5 is essential here, since, e.g., 
a set of k parallel loops always yields a nonempty £;-core.) 

To see this, regard the half-edges in the selected pairs, as well as the edges 
in G*(n, (di) r {) corresponding to these pairs, as special. We consider two ap- 
proximations of the fe-core Core^ of G*(n, (di)?). First, let G*(n, (di)?)" be 
the multigraph G*(n, (di)?) with all special edges deleted, and let Core^ be 
the /c-core of G*(n, (di)?)~ . Since G*(n, (di)?)~ is a subgraph of G*(n, (di)?), 
we have Core^" C Core^. Second, apply the core-finding algorithm used in 
Section 3, but with all special balls colored golden and thus immune to death 
and recoloring, and let Core^t" be the subgraph of G*(n, (di)?) left at the end; 
thus, Core^ D Core^. 

Since our variables X n are increasing functions of the numbers of vertices 
and edges in the A;-core, it is sufficient to show that the results of Theo- 
rems 3.4 and 3.5 (modified) hold also for Core^T and Core^t • For Core^, 
this follows, as remarked at the beginning of Section 6, by the proofs for 
G*(n, (di)?) above, since the possibility of golden balls was included in The- 
orem 3.1. The results for Core^T follow from Theorems 3.4 and 3.5, since 
the random multigraph G*(n, (di)?)~ is a random multigraph of the same 
type as G*(n,(di)?), but with 0(1) vertex degrees di decreased (with a to- 
tal change of at most 4k). Evidently, Condition 2.1 holds for the modified 
sequence too, so Theorems 3.4 and 3.5 apply. 

This shows that condition (ii) in Proposition 7.1 holds in all cases, and 
hence its statement applies, showing that Theorems 3.4 and 3.5 hold for 
G(n, (d^) too. □ 

Remark 7.4. Unfortunately, we have not been able to use Proposition 
7.1 in a similar way to show that Theorem 3.1 holds for G(n, (di)™) too. The 
reason is that conditioning on the configuration containing even a single 
given pair of half-edges will, as far as we can see, mess up the process of 
balls and bins and introduce unwanted dependencies. And although we allow 
golden balls in Theorem 3.1, there is no monotonicity like the one that 
allowed us to consider Core^ and Core^" above. We discuss another attempt 
to extend Theorem 3.1 to G(n,p) in Appendix; see also Remark 8.7. 
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8. The random graphs G(n,p) and G(n, m). We derive the results for 
G(n,p) and G(n,m) from our results for G(n, by conditioning on the 

degree sequence. To see this in detail, let us be more general and consider a 
random (simple) graph G n with n vertices labeled 1, . . . , n and some random 
distribution of the edges such that any two graphs on 1, . . . , n with the same 
degree sequence have the same probability of being attained by G n . [Note 
that G(n,p) and G(n,m) are of this type.] Equivalently, conditioned on the 
degree sequence, G n is a random graph with that degree sequence of the 
type G(n, (di)™ ) introduced in Section 2. We may thus construct G n by first 
picking a random sequence (dj)™ = {d\ n ^)i with the right distribution, and 
then choosing a random graph G(n, (<2j)") for this (dj)™. (We assume that 
this is possible, which implies, in particular, that Ya=i ^» * s even -) 

We will assume that Condition 2.1 holds in probability in the following 
sense. As usual, we let u r = u r (n) be the (now random) number of vertices 
with degree r. 

Condition 8.1. Let (di)™ = {of 1 )" be the random sequence of vertex 
degrees of G n . Then, for some probability distribution (p r )^ independent 
of n, with po < 1: 

(i) u r /n : = : dj = r}/n — !— ► p r for every r > as oo; 

(ii) for every A > 1, we have J2 r u rA r = J2i=i A dl = O p (n). 

We begin with a technical lemma. 

Lemma 8.2. If Condition 8.1 holds, we may, by replacing the random 
graphs G n by other random graphs G' n with the same distribution, assume 
that the random graphs are defined on a common probability space and that 
Condition 2.1 holds a.s. 

Proof. From the Skorokhod coupling theorem ([19], Theorem 4.30) ap- 
plied to the random sequences (u r (n))^ , we may assume that the limit 
u r /n — »• p r in (i) holds a.s., for every r > 0. To "derandomize" (ii) as well, 
we refine that argument as follows. By (ii), for every j > 1 and k > 1, we may 
choose Ckj such that P(Sj k di > Ckjn) < 2~ k /j. We may assume that, for 
every k, Cf.j increases with j. Now condition on the event £j := {J2i^ di — 
Cfcjn for every k > 1}, and note that P(fj) > 1 — 1/j. Conditioned on Sj, 
Condition 2.1(h) holds uniformly. Let £q := 0. We apply the Skorokhod cou- 
pling theorem to (u r ) r conditioned on £j \ £j-\ for every j > 1 such that 
F(£j \£j-\) > 0; this shows that we can assume u r (n)/n — >p r a.s. for every 
r on £j \£j-i, and we only have to combine these pieces for j > 1. □ 

We define the functions b n , h n and l n as before, but now conditioned on 
the degree sequence {d^. Thus, we use (2.5)-(2.7) with P(X = I) and EI 
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replaced by the random numbers ui/n and 2m/n = ^j I«j/n, respectively. 
Note that these functions are now random functions of p. [They depend on 
both p and •] 

Define further the (deterministic) functions b(p), h(p), l{p) as before, using 
(2.4)-(2.7) with X = D having distribution (p P )g°. 

By Lemmas 8.2 and 2.3, b n — ^ 6, h n — /i and Z n — ^ Z, with convergence 
in probability, uniformly on [0, 1] and together with all derivatives. 

Theorem 8.3. Let G n be as above and assume Condition 8.1. 

If k > 2, then Theorem 3.4 holds also for the k-core ofG n ; now b n , h n and 
l n are random functions independent of Zb , Zh , Zl ; further, p n is random, 
and p n — ► p. 

Similarly, if k > 3, then Theorem 3.5 holds for G n too, with the following 
modifications: (a) a unique minimum point p n exists whp; (b) p n is random, 
and p n -^-*p, Inipn) - ^ 0; (c) p n in (iii) exists whp (we can, if we like, use 
any supplementary definitions to have the random variables always defined); 
(d) in (i), (ii) and (iii), it suffices to have n l l 2 l n {p n ) convergent in proba- 
bility, and Q in (ii) may be random; (e) Z should be independent of £ and 
(3.11) has to be rewritten as P(Core fc ^ 0) -> F(aZ > (). 

Proof. The first statement (for k > 2) follows directly from Lemma 8.2 
and Theorem 3.4. Note that p, a, t, and the distribution of (Zb,Zjj, Zl) do 
not depend on the random (tZj)i, but only on the limit distribution (p r )o°. 

The second statement (for k > 3) follows similarly from Lemma 8.2 and 
Theorem 3.5, noting that if n 1//2 Z n (p n ) converges in probability, we may in- 
clude it in the application of the Skorohod coupling theorem in the proof of 
Lemma 8.2, and thus assume that it too converges a.s. For Theorem 3.5(h), 

we also write the final conclusion as (X n \ Core^ ^ 0) — —> (vy/aZ — £ | aZ > () 
for certain random vectors X n and a vector v, and note that this and (3.11) 
together are equivalent to 

E(F(X n ); Core fc ^ 0) -> E(F(v^2^C); aZ > fl 

for every bounded continuous function F on ]R 2 . □ 

We now specialize to G(n,p) and G(n,m), with p~ X/n and m ~ An/2 
for some fixed A > 0, and observe first that Condition 8.1 holds and thus 
Theorem 8.3 applies. 

Lemma 8.4. Consider either G(n, X n /n) or G(n, m), where m = X n n/2, 
and assume that X n — > A > 0. Then, Condition 8.1 holds, with p r = ir r (X) 
and, thus, D~Po(A). 
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Proof. Condition 8. 1 (i) follows from (8.7) below, or by elementary es- 
timates of mean and variance which we omit; cf. (8.10). 

For (ii), similar elementary estimates show that if M :=supA n , then 

n~ 1 Eu r (n)=0(M r /r\) 

uniformly in r > 0, and thus, for each A, n~ 1 E^ r u r {n)A r = O(l). □ 

In the cases of G(n,p) and G(n,m), the random functions b n , h n , l n are 
themselves asymptotically Gaussian processes. We give a precise statement. 

Theorem 8.5. Let b n , h n , l n be the random functions defined above 
either for the random graph G(n,X n /n) or for G(n,m) with m = X n n/2, 
where X n — > A > 0. Then, jointly in D[0, 1], 

(8-1) n l /\b n (p) - &p o(An) (p)) -±> U B (p), 

(8-2) n l / 2 {h n {p) - h Po{Xn) (p)) -*+ U H (p), 

(8-3) « 1/2 (in(p) - ho(X n )(p)) U L (p), 

where Ub, Uh an d Ul are continuous Gaussian processes on [0, 1] with mean 
and covariances that satisfy, for < p < 1 and u, x £ {B, H, L}, 

(8-4) Cov(U v (p),U H (p)) = *: x (p), 

where a* v>c are given by (8.13)-(8.23) below and either (8.8) for G(n,X n /n) 
or (8.12) for G(n,m). For G(n,m), Ul{p) = —Uh{p)- 

Proof. Consider first G(n,X n /n). It is shown in [1] (see also [18], Ex- 
ample 6.35) that each u r = u r (n) is asymptotically normal. More precisely, 

(8.5) n~ 1/2 (u r (n) -Eu r (n)) -^U r ~N(0,ip rr ), 

where, recalling the notation (1.1), 

( (r — A) 2 \ 

(p rr := lim n _1 Var u r (n) = 7r r (A) 2 ( 1 I + 7i>(A). 

n->oo V A / 

Moreover, with p n := X n /n, 

Eu r (n) = n( n ~ 1 ) f n {\-p n ) n - X - r = n^e~ A " (l + ( 



r\ \ \ n 



(8.6) 

Hence, (8.5) is equivalent to 

(8.7) n- l/2 (u r (n) - 7r r (X n )n) U r ~ N(0, (p„). 
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The proof extends immediately to finite linear combinations of u r (n), 
which shows joint convergence in (8.5) and (8.7) for all r > 0; the covariances 
of the limits are given by 

(8.8) <p ra := Cov(U r , U s ) = 7r r (A)7r s (A) _ ^ + vr r (A)A rs . 

Each of b n , h n and l n can be written as J2rLo a r(p)ur ( n )/n, where a r (p) 
are some continuous functions on [0, 1], not depending on n and such that 
a r (p) = 0(r). We claim that, for any such a r (p), we have in C[0, 1] (with the 
usual uniform topology) 



oo oo 

d 



(8.9) n" 1/2 ^o r (p)(u r (ii) -En r (?i)) ^^a r (p)[/ r . 

r=0 r=0 

Indeed, by the joint convergence in (8.5), this holds for the partial sums 
J2r=o f° r an y finite R. Moreover, it follows easily from the exact formula for 
Var u r (n) (see [18], Example 6.35) that, for any given M such that sup n A n < 
M, 

(8.10) n" 1 Var u r {n) = 0(M r /r\) 

uniformly in r > 0, and it is then routine to let R — > oo to obtain (8.9); see 
[2], Theorem 4.2. Further, using (8.6) again, it follows that, in C[0, 1], 

oo oo 

(8.11) n~ 1/2 ^2a r (p)(u r (n) - iT r (\ n )n) — >^a r {p)U r . 

r=0 r=0 

It is shown in [15] that the above results for G(n, X n /n) combined with 
a simple monotonicity argument show that (8.7) holds, jointly for all r > 0, 
for G(n,m) too, except that in this case U r , r > 0, have a different joint 
Gaussian distribution with covariances 

(8.12) ip rs := Cov(U r , U.) = n r (X)7r s (\) (- ^ ~ ~ A) - l) +7r r (A)<5 rs . 

(We still have KU r = 0.) Furthermore, elementary calculations, which we 
omit, show that the estimates (8.6) (ignoring the middle part) and (8.10) 
hold for G(n,m) too. Hence, again by first considering finite sums J2o an d 
letting R -> oo, (8.11) holds in C[0, 1] for G(n,m) too. 

Thus, (8.11) holds for both G(n,X n /n) and G(n,m), although the two 
cases have different U r , which implies that (8.1)-(8.3) hold jointly, with 
Ub,Uh,Ul given as linear combinations of U r , 1 < r < oo. More precisely, 
let 

oo 

T r (p) :=Y2ftr(p)Ul, 
l=r 
oo 

Qi(p) :=£T r (p) 



r=j 
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and, so as to preserve the analogy with (5.33)-(5.35), let 

U w (p)--=P 2 Y,ZirUr. 

Then 

U B ( P ):=Qk(p), 

oo 

U H (p):=kQ k (p)+ J2 Qr(p), 

r=k+l 

U L (p):=U w (p)-U H (p). 

It is easy to see that Uw = for G(n, m), and thus, Ul = —Uh, since l n (p) + 
h n (p) is deterministic by (2.7) when the number of edges is, or by (8.9) with 
a r = r. 

Define, with ip rs given by (8.8) for G(n,X n /n), and by (8.12) for G(n,m), 

oo oo 

(8.13) Vy(p) := Cov^^),^-^)) =£E I Ai(p)&>Mn 

l=i r=j 

oo oo 

(8.14) i> iW (p) := CovCTiCp),^^)) =/EEA.W^lr 

l=i r=l 

[Vw(p) = for G(n,m) because then L/w = 0], and further, 

oo oo 

(8.15) «7?-(p) :=Gov(Q i (p),g i (p))=5^53Vir(p), 

oo 

(8.16) < w (p) :=Cov(Q i (p) J EV(p)) = E^w(p), 

l=i 

(8.17) ^w^v^w) ={***■ 

Then the expressions for a* are analogous to (5.42)— (5.47), which by (8.15) 
and (8.16) and changes of summation order simplifies to 

oo oo 

(8.18) 4W=EE^'(p)- 

i=k j=k 
oo oo 

(8.19) 4flW = EE*i(P). 

i=k j=k 
oo oo 

(8.20) *W*) = EX>'^;(p)' 
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(8.21) a* BL (x)=^2ip iW (p)-a* BH (x), 

i=k 
oo 

(8.22) cr* HL {x) = i^iw(p) ~ <Thh( x ), 

i=k 

oo 

(8.23) a* LL (x) = a^ w (x) - 2^2i^ iW (p) + a* HH (x). 

i=k 

Note that ipi\v(p), a iw(p) anc ^ a ww(p) van i s h f° r G(n,m). □ 

We will now use Theorems 8.3 and 8.5 to prove Theorems 1.2 and 1.3. 

Proof of Theorem 1.2. By Lemma 8.4 and Theorem 8.3, Theo- 
rem 3.4 holds, with b n ,h n ,l n and p n random. Furthermore, Theorem 8.5 
applies, and since b n ,h n ,l n are independent of Zg, Z B , Zl for every n by 
Theorem 8.3, (Ub,Uh,Ul) and (Zb, Zh, Zl) are independent. By Lemma 
8.2, we may assume that Condition 2.1 holds a.s., and by including further 
variables in the application of the Skorokhod coupling theorem in the proof 
of Lemma 8.2, we may further assume that (8.1), (8.2), (8.3), p n — > p and 
(3.10) hold a.s. (This trick is not essential, but we find it convenient to argue 
pointwise in the probability space, i.e., for each realization of the family of 
random processes. Note that the O and o terms that appear in this proof 
and the following are not assumed to be uniform over all points in the prob- 
ability space; the implicit constants may thus be random, but they do not 
depend on n.) 

By (2.13), for 0<p< 1, 

Xp 



5-24) 1{ P ) = <^ P = ^fc-i(Ap) ^ A 



y>fc_i(Ap)' 



Since A > c k := inf At >o///V'fc-i(A t )) the equation A = (j,/ipk-i(fj,) has at least 
one solution \i > 0; see [17, Lemma 7.1]. We have defined ft := /ifc(A) to be 
the largest solution, and thus, p = jx/X is the largest solution of (8.24). Since 
/t/A = V'/t-i(A) < 1) we have p = jX/X with < p < 1. 
Since p = ip k - 1 (Xp) =Vfc-l(A)> ( 2 - 13 ) yields 

(8.25) a := l'{p) = Xp{\ - A^_ x (Ap)) = A(^_x(/i) - p,ir k - 2 (fi)). 

By [17], Lemma 7.2 and its proof, for k > 3, and a simple calculation for 
k = 2, a:=l'{p) > 0. 

Recall that, as in Theorems 3.4 and 8.3, p n is the largest zero in [0, 1] of l n , 
which is random, and that (8.3) holds a.s. We define, for n so large that X n > 
Cfc, the nonrandom p* n as the largest value in [0, 1] such that lp (\ n )(Pn) = ^- 
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Applying the above argument to A n , p* = jl n /X n . Furthermore, by (8.3), 
a.s., 

(8.26) l n {f n ) - l n (p n ) = l n (p* n ) = n~ x l 2 V L {f n ) + o(n~ x l 2 ). 

Since ^p (A„) ~~ ► I = ^Po(A) uniformly together with its derivatives, by (2.13) 
(or using the same proof as for Lemma 2.3), it follows easily (cf. the proof 
of Theorem 3.4) that p* — > p; moreover, a.s., p n — ► p by Theorem 3.4, and 
l' n — ► V uniformly by Lemma 2.3. Hence, Taylor's formula yields a.s. 

lnip* n ) ~ UPn) = ip* n ~ Pn) 0' '(p) + o(l)), 

which, together with (8.26), yields 

Pn -P* = -n^ 2 a~ l U L (p* n ) + o{n~ l l 2 ). 
A Taylor expansion of b n now yields a.s., using Lemma 2.3 and (8.1), 
b n {Pn) = b n {Pn) + b'(p)(p n - Pn) + o(n~^ 2 ) 

= b Po(Xn )(p*n) + n-V 2 U B (p) - n- 1/2 a-V(p)t/ L G5) + o^ 1 ' 2 ), 

and similarly for h n {p n ). Combined with (3.10), this shows that, with W u = 
Z v (t) + U u (p),v£{B,H,L}, 

n- 1/2 (v(Core k ) - b Po{Xn) (p* n )n,e(Core k ) - \h Po{Xn) (p* n )n) 

-±> (W B - a- 1 b'(p)W L , \W H - \a- l h'{p)W L ). 
Since Xp = /}, Lemma 2.4 yields 

(8.27) b(p) = tp k (fl) and h(p) = A^fc-iCA)- 

Similarly, for A n , b Po{Xn) (p n ) = ip k (X n p*) = ^fc(An) and h Po{Xn) (p n ) = jl n x 
ipk—i (An)- Moreover, by Lemma 2.4 again, 

(8.28) 6'(p) = A^(Ap) = A^_ 1 (A), 

(8.29) h'{p) = X(ip k -i(fi) + AVi-i(A)) = A(^fc-i(A) + A 7r fe-2(A))- 

Thus, by (8.25), a _1 6'(j5) = a„ and a _1 /i'(p) = a e given in (1.3) and (1.4). 

Hence, the result follows with Z v := Ws(t) — a v WL(i) and Z e := |Wh(I) - 
ia e VF L (i). Since Cov(H/„ W x ) = Cov(Z v (f), Z x (t)) + Cov(U v (p),U x (p)) = 
&vx given in (1.5), it follows that (1.6)-(1.8) hold. Since the distribution of 
(Zsit), Zff(t), Zl{i)) is nonsingular by Theorem 3.1, so is the distribution 
of {Wb,Wh,Wl), and hence also the distribution of (Z v ,Z e ). □ 

Proof of Theorem 1.3. This is similar to the proof of Theorem 1.2. 
By Lemma 8.4 and Theorem 8.3, Theorem 3.5 holds, with the modifications 
given in Theorem 8.3, and we have D ~ Po(A) with A = c k . 
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We begin by checking the conditions on the function I = lp Q (\-) in Theorem 
3.5. By the definition of A = c k , /W'fc-iC/") — A f° r a h ^ > 0, and equality 
holds only for [/, = jl:= /ifc(cfc); see [17], Lemma 7.2. It follows by (2.13) that 
l(p) > for < p < 1 with equality only for p = p := jl/X = t/'fc— l (A) • Since 
ft > 0, we have <p < 1. 

Note that fi is the maximum point of ipk-iif 1 ) I an d thus, ^ (V'fc-i (/-O //-O = 
for /i = fi, which yields 

(8-30) ^k-iW = : = - = — • 

fi \x c k 

Since p is a minimum point of I, l'(p) = 0. Further, differentiation of (2.13) 
[using (8.30)] yields 

P := l"(p) = \p{-\ 2 ^'U(\p)) = -A 2 A<_i(A) 

= A 2 A(^_ 2 (A) " 7Tfe-3(A)) = A 2 (A -k + 2)7r fc „ 2 (A) = A 2 P, 
with /3 defined in (1.9). It is easily checked that, for fi = k — 2, 

j^fc-iM /xvr fc _ 2 (/i) ^(fc-l)...(fc-l+j) 

^ 1 /fe-2V'_ ft 

fc-lV fc / ~2(fc-l) < ' □ 



3=0 

and thus /t 7^ k - 2 by (8.30). Hence, /? / 0, and thus P > 0. 

We may thus apply Theorem 3.5. As in the proof of Theorem 1.2, we may 
extend Lemma 8.2 and assume that all limits we know to hold in probability 
or distribution by the results above actually hold a.s. 

Fix some 5q € (0,p). As in Theorem 3.5, let p n be the (now random) min- 
imum point of l n in [Sq, 1]; similarly, let p* n be the (deterministic) minimum 
point of Zpo(An) i n [^Oj !]• By Theorem 3.5 and the assumption in the previous 
paragraph, p n — > p a.s. Further, an argument analogous to that used in the 
proof of Theorem 3.5 shows that p* n — > p. 

Using (8.3), and the fact that p n and p* n are minimum points, 

(8.31) l n (p n ) < ln(Pl) = l P o(x n )(P*n) + n- 1/2 U L (p* n ) + o(n- 1 / 2 ), 

(8.32) h o{Xn )(p* n ) < ho(X n )(Pn)=ln(Pn) ~ tT^Ul (p n ) + ofa" 1 / 2 ) . 

Since Ul is continuous, it follows that 

(8.33) l n (p n ) = l Po{Xn) (p* n ) +n- 1 l 2 U L {p) +o(n" 1 /2). 

For x > 0, we write l(p,x) := lp ( x )(p) [ as given in (2.13), with A replaced 
by x). Thus, l{p) = l(p,X) and Z Po (a„)(p) = Kp,K)- By (2.13), using l(p,X) = 
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and (8.30), 

d 

— Hp, A) = Ap(-p^_i(Ap)) = -AMs-i(A) = ~^ 2 - 
Hence, using the simple Lemma 8.6 below, 

^Po(A„)(Pn) = l(P* n , K) ~ -P 2 (A„ - c fc ). 
Combining this with (8.33), we find that 

(8.34) l n {p n ) = -p 2 (X n - c k )(l + o(l)) + n-^UUp) + ofa" 1 ^). 

Thus, the asymptotic behavior of n l / 2 l n {p n ) is the same as that of — n 1 / 2 (A n — 
Cfc), within 0(1). Accordingly, each of the three cases in Theorem 1.3 is 
matched by the corresponding case in Theorem 3.5. In particular, this proves 
part (i). 

In case (ii), (8.34) yields 

n 1/2 ln(p n )^(:=-p 2 7 + U L (p). 

1/2 

Taking a = a^ L as in Theorem 3.5, we may assume aZ = —Zi(t) with 
t := — lnj5 [indeed, this is how Z was defined in the proof of Theorem 3.5, 
see the line following (6.20)]. Thus, 

aZ -C = -Z L {t) - U L {p) +j5 2 7 = -W L +p 2 1 , 

where Wl := Zi,{t) + Ul(P), just as in the proof of Theorem 1.2. 
Furthermore, from (8.31) and (8.32), 

ho(\ n ){Pn) < l Po{Xn )(p* n ) + o(n~ 1/2 ). 
On the other hand, a Taylor expansion around the minimum point p* yields 
ho(X n )(Pn) =ho(X n )(Pn) + \ ( Z Po(A„) (P») + °( l ))(Pn ~ P*nf 

(8.35) 

= ho(X n )(Pn) + W/2 + 0(l))(p n -p* n ) 2 , 

and thus 

Pn-Pn = 0(Zp o (A n )(Pn) ~ l Po(Xn) (Pn))^ = o(n" 1/4 ). 

Moreover, again by Lemma 8.6, p* n — p = 0(\X n — A|) = 0(n~ l l 2 ), so we see 
that p n — p = o(n -1 / 4 ). Consequently, from (8.1) [since b = &p (A)]> we obtain 

bn(pn)=bp oiXn) (p n ) + 0(n~ 1 / 2 ) = b Po{x) (p) + 0(\X n - A| + \pn-p\+n~ 1 / 2 ) 
= 6(p) + o(n" 1 / 4 ), 
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and similarly for h. It follows that in the conclusion of Theorem 3.5(h), 
the random b n (p n ) and h n (p n ) may be replaced with b(p) and h(p). Upon 
combining (2.13) with l'(p) = 0, (8.29) simplifies to 

(8.36) h'(p) = 2Xp - l'{p) = 2Xp, 

and Theorem 1.3(h) follows. 

In case (hi), n -1 / 2 = o(A n — Cfc), so (8.34) yields 

(8.37) - l n {p n ) = p\\ n - c fc )(l + o(l)). 

As in the proof of Theorem 1.2, let j5* = fi n /X n be the largest zero in (0, 1] 
of Z Po(An) . By (8.33) and (8.37), 

ho(X n )(Pn) - lp (X n )(pn) = -^Po(A„)(Pn) = -^n(Pn) + 0(n 1/2 ) ~p 2 (A n - C k ), 
so, using a Taylor expansion similar to (8.35), 

f n -p* n ^(2/P) 1 l 2 p(\ n -c k ) 1 l 2 . 

Hence, by Taylor again, since Zp o(An) = and l? o{Xn) {p* n ) -> 1 "{p) = P, 

(8.38) Zp o(An) (K)~(2/3) 1 /2p(A n - Cfe) V2. 

Let p n be as in Theorem 3.4 (now with l n random). By (8.3), 

ho(X n )(Pn) ~ ho(\ n ){P*n) = lpo{X n ){Pn) = ho{X n ){Pn) ~ l n (jPn) 

= -U L {p)n~ 1 ' 2 + o(n" 1 / 2 ). 

Hence, for large n, using a Taylor expansion at j5* [as lp ^ x ) i s uniformly 
bounded], 

h o{ x n )(p*n ~ n~ 1,A ) = h o{ x n )(fn) ~ «~ V %o(A„) (p!) + 0(n~ 1/2 ) 
= ho { x n )(Pn) + 0(n- 1 ' 2 ) - n-y% o{Xn) (f n ). 
Then from (8.38), for large n, 
ho(x n )(p* n ~ n" 11 *) = ho(x n )(pn) + OK 1 / 2 ) - n- 1 /4 (2/3) i/2 j}(An _ Cfe) l/2 

< l Po(X n )(Pn), 

since re -1 / 2 = o(n' 1 / 4 (X n - c fc ) 4 / 2 ). Similarly, we see that lp (x n )(Pn) < l Po(x n ) x 
(p* + n _1//4 ). Thus, for large n, j5* — ra" 1 / 4 < p n < p* n + n~ 1//4 and, by the 
mean value theorem, 

* _ = ^Po(A n )(Pn) -^Po(A n )(Pn) 
P» Pr. (2/ 3)l/2p(A n - Cfc )l/2(l + (l)) 

= -(2/3)" 1 / 2 p- 1 (A n - c fc )- 1 / 2 n" 1 / 2 (t/ L (p) + o(l)). 
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Hence, by (8.1) and the mean value theorem, 

b n (Pn) = b Po (\ n )(Pn) + 0(n~ 1/2 ) 

= b Po{Xn )(p*n) + (b'(p) + o(l))(Pn ~ P* n ) + 

= bpo(x n )(p* n ) ~ m- l/2 p-\K - c k T l l 2 n- l /\b'(p)UL(p) + o(l)), 

and similarly for h. Consequently, we can replace the random b n (p n ) and 
h n {p n ) in (3.12) by the deterministic &p (A„)(Pn) and h Po ( Xn )(p* n ), provided 
we also replace Z' = -(2/3)~ 1 / 2 Z L (t) by Z' - {2(3)- l / 2 U L {p) = -{2[3)- l l 2 W L . 
The proof is completed by (8.27), (8.28), (8.36) and (8.37), taking Z' := 
-(2/3)- 1 /2^-iAW L = -(2f3y 1 l 2 p~ 1 W L . 

Lemma 8.6. Let l(p,x) be a twice continuously differentiable function in 
a neighborhood of a point (p, x), and assume that §^(p, x) = and JLI(p, x) ^ 
0. Then there exist 5, e > such that, if \x — x\ < 5, then there is a unique 
p(x) with \p(x) —p\ < e such that ^(p(x),x) = 0. Moreover, as x — > x, p(x) — 
p = 0(\x — x\) and 

(8.39) l(p(x),x) = {x-x) (JLfa x) + o(l)) . 

Proof. The existence of p(x) follows by the implicit function theorem 
applied to dl/dp, which also shows that p(x) is a differentiable function. 
Hence, p(x) — p = p{x) — p(x) = 0(\x — x\). Furthermore, x *—>■ l(p(x), x) is 
differentiable and 

-fj^l(p(x),x)\ x=& = ^(p,x)p'(x) + ^-l(p,x) = ^l(p,x), 

and (8.39) follows. □ 

Proof of Theorem 1.4. Fix x G (—00, 00) and let m = m{n) := [cfcn/2 + 
xn 1 l 2 \ and A n = 2m/n. Note that A n — > and n l / 2 {\ n — c^) — > 2x. Then 

-1/2 f^M _ < x M < m ( n ) 

G(n,m) has a nonempty fc-core. 
By Theorem 1.3(h), the probability of this converges to §(2xp 2 /a). □ 

Just as before [see (3.1)-(3.3)], we denote b n {t) := b n (e~ t ), h n {t) := /i n (e - '), 
Inif) '■= ^n(e _i ). Note that these functions now are random functions of t. 
[They depend on both t and (di)i •] 
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Remark 8.7. In the proofs of Theorems 1.2 and 1.3 the randomness in 
the limit comes from U v and Z v , v G {B,H,L}, and they always end up in 
the combination W v = Z u (t) + U u (p). Moreover, the proofs use arguments 
similar to the proofs of Theorems 3.4 and 3.5, and there is some repetition. 
It would be more satisfactory, in our opinion, if one could make a direct 
proof of Theorems 1.2 and 1.3 that combines Z and U to W at an early 
stage. 

Indeed, if one could prove that Theorem 3.1 holds for G(n, (di)™) too (see 
Remark 7.4 and Appendix), then Theorem 8.3 would extend to show also 
that Theorem 3.1 would hold for G n , with b n , h n , l n defined by (3.1)-(3.3) 
random. For G(n, X n /n) and G(n,m) (assuming as always m = X n n/2 and 
\ n — ► A > 0), Theorem 8.5 would then imply that Theorem 3.1 holds with b n , 
h n , l n replaced by the deterministic 6 Po ( An) (e~*) , &p (A„) (e~*) , bp (A n )(e"*), 
and Z v (t) replaced by Z u (t) + U u (e~ l ). Theorems 1.2 and 1.3 then would 
follow by the same proofs as Theorems 3.4 and 3.5. 

Even if we cannot (yet?) make the first step in this argument rigorous, 
it gives a strong intuitive motivation. To strengthen this intuition further, 
observe that we can construct a random multigraph G n as follows: first let 
(di)i have the distribution of the sequence of vertex degrees in G(n, X n /n) [or 
G(n,m)], and then, given (dj)", let G* = G*(n, [Note that, if we were 

to take G(n,(di)i) instead, we would get back G(n,X n /n) or G(n,m).] For 
this random multigraph, the proof just outlined works fine, because Theorem 
3.1 holds for G*(n,(di)i). On the other hand, the proofs of Theorems 1.2 
and 1.3 above go through verbatim for G* too. This shows that both proofs 
(when applicable) have to give the same result, and is another intuitive 
motivation for Theorems 1.2 and 1.3, as well as for the appearance of the 
variables W v . 

APPENDIX 

We certainly conjecture that Theorem 3.1 holds for G(n, (di)™) too, al- 
though we have failed to prove it; see Remark 7.4. Since this extension would 
give an alternative (and somewhat simpler) proof of Theorems 1.2 and 1.3 
(see Remark 8.7), we will discuss another idea of how to prove it here. In 
principle, it seems possible to use this method to give a proof of Theorem 
3.1 for G(n, (ck)™), but verifying the conditions has turned out to be much 
harder than we expected. It seems intuitively obvious that they hold, but 
our attempts to check them rigorously have ended up in very technical esti- 
mates that we so far have not had the energy to complete. Perhaps a reader 
can find a simple argument. 

The idea is to use the following extension of Proposition 4.1, which yields 
joint convergence of the M n together with some integer-valued processes N n 
that converge to a Poisson process. In our conceived application, each time 
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Proposition 4.1 is used in Section 5, we would use Proposition A.l with N n (t) 
being the number of loops plus the number of multiple edges (excluding 
loops) that have been created up to time t. We would also have to count loops 
and multiple edges created after stopping (i.e., in the core), for example, by 
stopping the processes in M n but letting N n continue, with half-edges being 
paired by a suitable process until none are left. It is well known that then 
iV n (oo), the number of loops and multiple edges in G*(n, converges 
to a Poisson distribution (see, e.g., [16]), which fits well with the conclusions 
below. [Moreover, by speeding up the process at the end, we can assume 
that it is completed before some finite time T, so that N n (oo) = N n (T).] 

A compensator A n satisfying (ii) below is easily expressed as an integral 
A n (t) = fQa n (s)ds, where a n (t) is the rate which with loops or multiple 
edges are created. For example, if the last white ball colored red happens 
to be in a bin with j remaining white balls, loops are created with rate 
r; the rate for creating multiple edges is more complicated and depends 
on the numbers of edges already created with that bin (= vertex) as an 
endpoint, and the remaining number of balls at the other endpoints. The 
rate a n (t) is thus random and fluctuates rapidly as a function of t, but it 
seems almost obvious that a law of large numbers holds and that the integral 
A n (t) converges to a nonrandom function as in (iii) below; however, as said 
above, we have failed to find a completely rigorous proof. 

Proposition A.l. Suppose that, in addition to the assumptions in Propo- 
sition 4.1, the following holds, for some right- continuous filtration ofa-fields 
J~ n = (•^ r n(i))t>o with respect to which M n is a martingale: 

(i) N n (t), t>0, is an increasing adapted integer-valued stochastic pro- 
cess with N n (0) = and all jumps equal to +1. [That is, AN n (t) G {0, 1} for 
all t > o.y 

(ii) A n {t), t>0, is a continuous stochastic process with A n (0) = such 
that N n (t) — A n (t) is a martingale. ( Thus, A n is the compensator of N n .) 

(iii) For each fixed t > 0, as n— >oo, A n (t) A(t), where A(t) is a 
nonrandom continuous real-valued function. 

Then (M n , N n ) (M, N) as n — > oo, in D([0, oo);M g+1 ), where M is as in 
Proposition J^.l and: 

• N is a Poisson process with intensity dA(t), that is, an increasing integer- 
valued stochastic process with independent increments such that N(0) = 
and N(t) - N(s) ~ Po(A(t) - A(s)) when 0<s<t; 

• M and N are independent. 

In particular, for any T < oo, the conditional distribution C(M n \ N n (T) = 0) 
converges to the distribution of M . 
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It is easily seen that, under additional (weak) conditions, we may take 

T = oo too in the last statement; we omit the details. Note that M n M 

by Proposition 4.1 and N n — —> N by [11], Theorem VIII. 3. 36; hence, only 
the joint convergence is new. 

Proof of Proposition A.l. Note that (M,N) is a stochastic process 
with independent increments, and that M is a martingale. 

We will rely heavily on results in Jacod and Shiryaev [11], Chapter VIII. 
We therefore use the notation in [11], Chapters II and VIII. (This includes 
writing n as a superscript rather than subscript.) Let X n := (M n ,N n ) and 
X := (M,N). We will sometimes use subscripts M, N or X to indicate the 
process under consideration; thus, the characteristics ([11], II. 2. 6) of X n are 
denoted by (B x ,C x ,u x ), and so on. 

We choose a continuous truncation function Km '■ ^ 9 — ► ^ 9 • [Thus, Hm{x) = 
x when |x| is small and = when \x\ is large.] Further, let tp'.'R— >M 

be a continuous function with ijj(x) = 1 when \x\ < 1 and ip(x) = when 
\x\ > 2, and define h : R q+1 R q+1 by 

h(x,y) := (ij)(y)hM(x),tp{\x\)tl)(2y)y). 

Then, h is a continuous truncation function in ]R <?+1 . Note that, since AiV n € 
{0,1}, h(AX n ) = (h M (AM n ),0). Consequently, 

X n {h) t :=X? - £(AX S " - W)) = (M n (h M ) t ,0). 

s<t 

Similarly, since M is continuous and AA^ G {0, 1}, h(AX) = 0, and 
X(h) t := X t - ]T(AV S - h(AX s )) = (M t ,0). 

s<t 

It follows immediately from the definitions [11], II. 2. 6 and II. 2. 16 that 

B n x = m,o), 

£jn,ij = f , l<i,j<q, 
X lO, i = q+l or j = q+l, 

and similarly for Bx and Cx- Consequently, the conditions [Sup- ^5] and [75- 
K+] (see [11], VIII. 2. 1-2. 2) for X n and X are equivalent to the corresponding 
conditions for M n and M. 

The conditions [Sup- /5s] and [75-ILj-], together with [55-R + ], hold for M n 
and M by [11], Theorem VIII.3.12 and Lemma VIII.3.15 (note that [Var- 
/3 5 ) implies [Sup-/3 5 ]), since [11], VIII. 3. 14, follows from our (4.4) and [11], 
VIII.3. 12(b) (ii), is (4.3); cf. the proof of [14], Proposition 9.1. Consequently, 
[Sup-^5] and [75-R+] hold for X n and X. 
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Next, let g G C 2 (R f/+1 ) [11], VII. 2. 7; thus, g is a bounded, continuous 
function R 9+1 — ► R such that = when |x| is small. Let 30(2/) := 5(0, y); 
then 9o GC 2 (R). 

Define, using the notation in [11], II. 1.5, the process 

(A.l) 5?:=(<7**4)t-(<?o*^) t . 

Then is the predictable compensator of the process (with the definition 
[11], II.1.16) 



A n := (9 * /Ot - (90 * /O* := $>(AA») - ^>(AiV"( S )) 
= ]>>(AM re ( S ), AN n (s)) - g(0, AN n (s))). 



s<t 

For every p > 0, there exists 5 > such that, if \x\ < 5, then g(x,0) = and 
|s(s,l) -9(0,1)| < p. Let if :=sup|c/|, A*M n (t) := sup s < t | AM"(s)| and 
J?(t):=E s <*l[|AM"( a )|><J].Then, 

lA n | < E.<t(2ifl[| AAP(s)| > S] + P AiV"( s )) = 2KJf{t) + ^JV»(t). 

Thus, 5 is L-dominated ([11], 1.3.29) by 2K J? (t) + pN n (t) , and thus also 
by F t := 2KJ^(t) + pA n (t). Note that F is increasing and that AF t = 2K x 
l[|AM Tl (t)| > 5]. Consequently, the domination inequality ([11], Lemma 1.3.30) 
yields, for all £,77 > 0, 

IP(lA n | >e) < ^U + EUupAF s ^ +P(F< > 77) 

< i(r/ + 2KF{J%{t) > 1)) +P(J 5 n (t) > 0) + F(pA n (t) > rj) 



F{A* M n (t) >5)+ F(pA n (t) > rj). 

As remarked above, [5 5 -R+] holds for M n and M, which by [11, VIII. 3. 5] 
yiek 
(i"), 



yields A*M n {t) ^0 as n-> 00. Consequently, for any e,rj,p> 0, recalling 



limsupPfl-Dj 1 ! >e) < - +F(pA(t) > rj). 

Letting first p — > and then r\ — > 0, we see that P(|L>™| > e) — ► 0, that is, 

(A.2) D r l 0. 

Moreover, since N n is a point process, v 1 ^ is the random measure dA n (t) x 
Si, where Si denotes a point mass at 1. Similarly, AXt = (0,ANt) equals 
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(0,0) or (0,1), and thus, vx = dA(t) x 5(n,i)- Hence (cf. the proof of [11], 
Theorem VIII.3.36), 

(90 * mt = 9o(l)A n (t) 90 (l)A(t) = g(0, l)A(t) = (<? * u x ) t . 

Combining this with (A.l) and (A. 2), we see that (g * Vx)t ~ ~* (d * u x)t, 
which verifies [^s^-M+J and thus [65 for X n and X . 

The result X n X now follows by [11], Theorem VIII. 2. 17. □ 
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